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ON THE GEOMETRY OF PREQUANTIZATION SPACES
MARCO ZAMBON AND CHENCHANG ZHU
Abstrat. Given a Poisson (or more generally Dira) manifold P , there are two ap-
proahes to its geometri quantization: one involves a irle bundle Q over P endowed
with a Jaobi (or Jaobi-Dira) struture; the other one involves a irle bundle with a
(pre)ontat groupoid struture over the (pre)sympleti groupoid of P . We study the re-
lation between these two prequantization spaes. We show that the irle bundle over the
(pre)sympleti groupoid of P is obtained from the Lie groupoid of Q via an S1 redution
that preserves both the Lie groupoid and the geometri strutures.
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1. Introdution
The geometri quantization of sympleti manifolds is a lassial problem that has been
muh studied over years. The rst step is to nd a prequantization. A sympleti manifold
(P, ω) is prequantizable i [ω] is an integer ohomology lass. Finding a prequantization
means nding a faithful representation of the Lie algebra of funtions on (P, ω) (endowed
with the Poisson braket) mapping the funtion 1 to a multiple of the identity. Suh a
representation spae onsists usually of setions of a line bundle over P [14℄, or equivalently
of S1-antiequivariant omplex funtions on the total spae Q of the orresponding irle
bundle [18℄.
Date: August 31, 2018.
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For more general kinds of geometri struture on P , suh as Poisson or even more generally
Dira [5℄ strutures, there are two approahes to extend the geometri quantization of
sympleti manifolds, at least as far as prequantization is onerned:
• To build a irle bundle Q over P ompatible with the Possion (resp. Dira) struture
on P (see Souriau [18℄ for the sympleti ase, [12℄[20℄[4℄ for the Poisson ase, and
[25℄ for the Dira ase)
• To build the sympleti (resp. presympleti) groupoid of P rst and onstrut a
irle bundle over the groupoid [24℄, with the hope to quantize Poisson manifolds
all at one as proposed by Weinstein [23℄.
We all Q as above a prequantization spae for P beause, when P is prequantizable,
out of the hamiltonian vetor elds on Q one an onstrut a representation of the admissible
funtions on P , whih form a Poisson algebra, on the spae of S1 anti-equivariant funtions
on Q (see Prop. 5.1 of [25℄). Usually however this representation is not faithful.
Sine the (pre)sympleti groupoid Γs(P ) of P is the anonial global objet assoi-
ated to P , the prequantization irle bundle over Γs(P ) an be onsidered an alternative
prequantization spae for P . Furthermore, sine there is a submersive Poisson (Dira)
map Γs(P ) → P , the admissible funtions on P an be viewed as a Poisson subalgebra
of the funtions on Γs(P ), whih an be prequantized whenever Γs(P ) is a prequantizable
(pre)sympleti manifold. The resulting representation is faithful but the representation
spae is unsuitable beause muh too large.
In this paper we will not be interested in representations but only in the geometry that
arises from the prequantization spaes assoiated to a given a Dira manifold (P,L). Indeed
our main aim is to study the relation between the two prequantization spaes above, whih
we will explain in Thm. 4.2, Thm. 4.9 and Thm. 4.11.
We start searhing for a more transparent desription of the geometri strutures on the
irle bundles Q, whih are Jaobi-Dira strutures [25℄ L¯ . This will be done in Setion
2, both in terms of subbundles and in terms of brakets of funtions, paying partiular
attention to the Lie algebroid struture that L¯ arries.
Seondly, in Setion 3, we relate the Lie algebroid L¯ assoiated to Q to the Lie algebroid
of the prequantization of Γs(P ). We do this using S
1
preontat redution, paralleling one
of the motivating examples of sympleti redution: T ∗M//0G = T
∗(M/G). This gives
us evidene at the innitesimal level for the relation between the Lie groupoid assoiated
to Q and the prequantization of Γs(P ). The latter relation between Lie groupoids will be
desribed in Setion 4, again as an S1 preontat redution. We provide a diret proof in
the Poisson ase. In the general Dira ase, the proof is done by integrating the results of
Setion 3 to the level of Lie groupoids with the help of Lie algebroid path spaes. As a
byprodut, we obtain the prequantization ondition for Γs(P ) in terms of period groups on
P . Then we show that this ondition is automatially satised when the Dira manifold P
admits a prequantization irle bundle Q over it. This generalizes some of the results in [8℄
and [2℄.
This paper ends with three appendies. Appendix A provides a useful tool to perform
omputations on preontat groupoids, and Appendix B desribes expliitly the Lie groupoid
of a loally onformal sympleti manifold. In Appendix C we apply a onstrution of Vorob-
jev to the setting of Setion 2.
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Notation: Throughout the paper, unless otherwise speied, (P,L) will always denote a
Dira manifold, π : Q→ P will be a irle bundle and L¯ will be a Jaobi-Dira struture on
Q. By Γs and Γc we will denote presympleti and preontat groupoids respetively, and
we adopt the onvention that the soure map indues the (Dira and Jaobi-Dira respe-
tively) strutures on the bases of the groupoids. By preontat struture on a manifold
we will just mean a 1-form on the manifold.
Aknowledgements: M.Z. is indebted to Rui Fernandes, for an instrutive invitation
to IST Lisboa in January 2005, as well as to Lisa Jerey. C.Z. thanks Philip Foth, Henrique
Bursztyn and Ekhard Meinrenken for invitations to their institutions. Both authors are
indebted to Alan Weinstein for his invitation to U.C. Berkeley in February/Marh 2005 and
to the organizers of the onferene GAP3 in Perugia (July 2005). Further, we thank A.
Cattaneo and K. Makenzie for helpful disussions, and Rui Fernandes for suggesting the
approah used in Subsetion 2.3 and pointing out the referene [21℄.
2. Construting the prequantization of P
The aim of this setion is to desribe in an intrinsi way the geometri strutures (Jaobi-
Dira strutures L¯) on the irle bundles Q indued by prequantizable Dira manifolds
(P,L), paying partiular attention to the assoiated Lie algebroid strutures. In Subsetion
2.1 we will reall the non-intrinsi onstrution of L¯ given in [25℄. In Subsetion 2.2 we will
desribe L¯ intrinsily in terms of subbundles and in Subsetion 2.3 by speifying the braket
on funtions that it indues.
We rst reall few denitions from [25℄.
Denition 2.1. A Dira struture on a manifold P is a subbundle of TP ⊕ T ∗P whih is
maximal isotropi w.r.t. the symmetri pairing 〈X1⊕ ξ1,X2 ⊕ ξ2〉+ =
1
2(iX2ξ1+ iX1ξ2) and
whose setions are losed under the Courant braket
[X1 ⊕ ξ1,X2 ⊕ ξ2]Cou =
(
[X1,X2] ⊕ LX1ξ2 − LX2ξ1 +
1
2
d(iX2ξ1 − iX1ξ2)
)
.
If ω is a 2-form on P then its graph {X ⊕ ω(X, •) : X ∈ TP} is a Dira struture i
dω = 0. Given a bivetor Λ on P , the graph {Λ(•, ξ) ⊕ ξ : ξ ∈ T ∗P} is a Dira struture
i Λ is a Poisson bivetor. A Dira struture L on P gives rise to (and is enoded by) a
singular foliation of P , whose leaves are endowed with presympleti forms.
A funtion f on a Dira manifold (Q,L) is admissible if there exists a smooth vetor eld
Xf suh that Xf ⊕ df is a setion of L. A vetor eld Xf as above is alled a hamiltonian
vetor eld of f . The set of admissible funtions, with the braket {f, g} = Xg · f , forms
a Lie (indeed a Poisson) algebra. Given a map π : Q → P and a Dira struture L on Q,
for every q ∈ Q one an dene the subspae (π⋆L)π(q) := {π∗X ⊕ µ : X ⊕ π
∗µ ∈ Lq}} of
Tπ(q)P ⊕ T
∗
π(q)P . Whenever π⋆L is a well-dened and smooth subbundle of TP ⊕ T
∗P it
is automatially a Dira struture on P . In this ase π : (Q,L) → (P, π⋆L) is said to be a
forward Dira map. Similarly, if P is endowed with some Dira struture L, (π⋆L)(q) :=
{Y ⊕ π∗ξ : π∗Y ⊕ ξ ∈ Lπ(q)} (when a smooth subbundle) denes a Dira struture on Q,
and π : (Q,π⋆L)→ (P,L) is said to be a bakward Dira map.
Denition 2.2. A Jaobi-Dira struture on Q is dened as a subbundle of E1(Q) :=
(TQ× R)⊕ (T ∗Q× R) whih is maximal isotropi w.r.t. the symmetri pairing
〈(X1, f1)⊕ (ξ1, g1) , (X2, f2)⊕ (ξ2, g2)〉+ =
1
2
(iX2ξ1 + iX1ξ2 + g2f1 + g1f2)
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and whose spae of setions is losed under the extended Courant braket on E1(Q) given
by
[(X1, f1)⊕ (ξ1, g1) , (X2, f2)⊕ (ξ2, g2)]E1(Q) =
(
[X1,X2],X1 · f2 −X2 · f1
)
⊕
(
LX1ξ2 −LX2ξ1 +
1
2
d(iX2ξ1 − iX1ξ2)
+ f1ξ2 − f2ξ1 +
1
2
(g2df1 − g1df2 − f1dg2 + f2dg1),
X1 · g2 −X2 · g1 +
1
2
(iX2ξ1 − iX1ξ2 − f2g1 + f1g2)
)
.
(1)
We mention two examples. Given any 1-form (preontat struture) σ onQ, Graph
(
dσ σ
−σ 0
)
⊂
E1(Q) is a Jaobi-Dira struture. Given a bivetor eld Λ and a vetor eld E on Q and
with the notation Λ˜ξ := Λ(•, ξ), Graph
(
Λ˜ −E
E 0
)
⊂ E1(Q) is a Jaobi-Dira struture i
(Λ, E) is a Jaobi struture, i.e. by denition if it satises the Shouten braket onditions
[E,Λ] = 0 and [Λ,Λ] = 2E ∧ Λ. Further to a Dira struture L ⊂ TQ ⊕ T ∗Q there is an
assoiated Jaobi-Dira struture
Lc := {(X, 0) ⊕ (ξ, g) : (X, ξ) ∈ L, g ∈ R} ⊂ E1(Q).
A funtion f on a Jaobi-Dira manifold (Q, L¯) is admissible if there exists a smooth
vetor eld Xf and a smooth funtion ϕf suh that (Xf , ϕf ) ⊕ (df, f) is a setion of L¯,
and Xf is alled a hamiltonian vetor eld of f . The set of admissible funtions, denoted
by C∞adm(Q), together with the braket {f, g} = Xg · f + fϕg forms a Lie algebra. There
is a notion of forward and bakward Jaobi-Dira maps analogous to the one for Dira
strutures.
Denition 2.3. A Lie algebroid over a manifold P is a vetor bundle A over P together
with a Lie braket [·, ·] on its spae of setions and a bundle map ρ : A→ TP (the anhor)
suh that the Leibniz rule [s1, fs2] = ρs1(f) · s2+ f · [s1, s2] is satised for all setions s1, s2
of A and funtions f on P .
One an think of Lie algebroids as generalizations of tangent bundles. To every Lie
algebroid A one assoiates ohains (the setions of the exterior algebra of A∗) and a ertain
dierential dA; the assoiated Lie algebroid ohomology H
•
A(P ) an be thought of as a
generalization of deRham ohomology. One also denes an A-onnetion on a vetor bundle
K → P as map Γ(A) × Γ(K) → Γ(K) satisfying the usual properties of a ontravariant
onnetion.
A Dira struture L ⊂ TP ⊕ T ∗P is automatially a Lie algebroid over P , with braket
on setions of L given by the Courant braket and anhor the projetion ρTP : L → TP .
Similarly, a Jaobi-Dira struture L¯ ⊂ E1(Q), with the extended Courant braket and
projetion onto the rst fator as anhor, is a Lie algebroid.
2.1. A non-instrinsi desription of L¯. We now reall the prequantization onstrution
of [25℄, whih assoiates to a Dira manifold a irle bundle Q with a Jaobi-Dira struture.
Let (P,L) be a Dira struture. We saw above that L is a Lie algebroid with the restrited
Courant braket and anhor ρTP : L → TP (whih is just the projetion onto the tangent
omponent). This anhor gives a Lie algebra homomorphism from Γ(L) to Γ(TP ) endowed
with the Lie braket of vetor elds. The pullbak by the anhor therefore indues a map
ρ∗TP : Ω
•
dR(P,R) → Ω
•
L(P ), the setions of the exterior algebra of L
∗
, whih desends to a
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map from de Rham ohomology to the Lie algebroid ohomology H•L(P ) of L. There is a
distinguished lass in H2L(P ): on TP ⊕ T
∗P there is an anti-symmetri pairing given by
〈X1 ⊕ ξ1,X2 ⊕ ξ2〉− =
1
2
(iX2ξ1 − iX1ξ2).(2)
Its restrition Υ to L satises dLΥ = 0. The prequantization ondition (whih for Poisson
manifolds was rst formulated by Vaisman) is
[Υ] = ρ∗TP [Ω](3)
for some integer deRham 2-lass [Ω]. (3) an be equivalently phrased as
ρ∗TPΩ = Υ+ dLβ,(4)
where Ω is a losed integral 2-form and β a 1-ohain for the Lie algebroid L, i.e. a setion
of L∗. Let π : Q→ P be an S1-bundle with onnetion form σ having urvature Ω; denote
by E the innitesimal generator of the S1-ation. In Theorem 4.1 of [25℄ Q was endowed
with the following geometri struture, desribed in terms of the triple (Q,σ, β):
Theorem 2.4. The subbundle L¯ of E1(Q) given by the diret sum of
{(XH + 〈X ⊕ ξ, β〉E, 0) ⊕ (π∗ξ, 0) : X ⊕ ξ ∈ L}
and the line bundles generated by (−E, 0)⊕ (0, 1) and (−AH , 1)⊕ (σ − π∗α, 0) is a Jaobi-
Dira struture on Q. Here, A ⊕ α is an isotropi setion of TP ⊕ T ∗P satisfying β =
2〈A⊕α, · 〉+|L. Suh a setion always exists, and the subbundle above is independent of the
hoie of A⊕ α.
We all (Q, L¯) a prequantization spae for (P,L) beause the assignment g 7→ {π∗g, •} =
−Xπ∗g is a representation of C
∞
adm(P ) on the spae of S
1
anti-equivariant funtions on Q
[25℄.
Triples (Q,σ, β) as above dene a hermitian L-onnetion with urvature 2πiΥ on the
line bundle K orresponding to Q, via the formula
D• = ∇ρTP • − 2πi〈•, β〉(5)
where ∇ is the ovariant onnetion orresponding to σ (Lemma 6.2 in [25℄). We have
Proposition 2.5. For a prequantizable Dira manifold (P,L), the Jaobi-Dira struture
L¯ onstruted in Thm. 2.4 on Q is determined by a hoie of hermitian L-onnetion on K
with urvature 2πiΥ.
Proof. We desribed above how the triples (Q,σ, β) used to onstrut L¯ give rise to hermitian
L-onnetions with urvature 2πiΥ. Conversely, all hermitian L-onnetions with urvature
2πiΥ arise from triples (Q,σ, β) as above (Proposition 6.1 in [25℄). A short omputation
shows that the triples that dene the same L-onnetion as (Q,σ, β) are exatly those of
the form (Q,σ + π∗γ, β + ρ∗TP γ) for some 1-form γ on P , and that these triples all dene
the same Jaobi Dira struture L¯ (Lemma 4.1 in [25℄; see also the last omment in Set.
6.1 there). 
In the next two subsetions we will onstrut L¯ diretly from the L-onnetion. We end
this subsetion by ommenting on how the various Jaobi-Dira struture L¯ dened above
are related.
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Remark 2.6. Two L-onnetions on K are gauge equivalent if the dier by dLφ for some
funtion φ : P → S1. Gauge-equivalent L-onnetions D on K with urvature 2πiΥ give
rise to isomorphi Jaobi-Dira strutures: denoting by Φ the bundle automorphism of
Q given by q 7→ q · π∗φ, using the proof of Proposition 4.1 in [25℄ one an show that if
D2 = D1 − 2πidLφ then (Φ∗, Id) ⊕ ((Φ
−1)∗, Id) is an isomorphism from the Jaobi-Dira
struture indued byD1 to the one indued byD2. (Alternatively one an hek diretly that
for the braket of funtions, whih by Remark 2.17 determine the Jaobi-Dira strutures,
Φ∗{·, ·}D2 = {Φ
∗·,Φ∗·}D1 . The gauge-equivalene lasses of L-onnetions with urvature
2πiΥ are a prinipal homogeneous spae for H1L(P,U(1)) (see the proof of Prop. 6.1 in [25℄).
Remark 2.7. It's easy to see that the prequantization spae Q of a prequantizable Dira
manifold (P,L) an be endowed with various non-isomorphi Jaobi-Dira strutures L¯.
Even more is true: (Q, L¯1) and (Q, L¯2) will usually not even be Morita equivalent, for
any reasonable notion of Morita equivalene of Jaobi-Dira manifold (or of their respe-
tive preontat groupoids). Indeed for P = R with the zero Poisson struture, hoosing
(Q,σ, β) = (S1 × R, dθ, x∂x) as in Example 4.13 one obtains a Jaobi struture on Q with
three leaves, whereas hoosing (S1 ×R, dθ, 0) one obtains a Jaobi struture with unount-
ably many leaves (namely all S1 × {q}). On the other hand, one of the general properties
of Morita equivalene is to indue a bijetion on the spae of leaves.
2.2. An intrinsi haraterization of L¯. In this subsetion we x an L-onnetion D on
the line bundle K → P with urvature 2πiΥ and onstrut the Lie algebroid L¯ from L and
D diretly. (In Prop. 3.4 we will perform the inverse onstrution, i.e. we will reover L
from L¯). An alternative approah that works in partiular ases is presented in Appendix
C.
We begin with a useful lemma onerning at Lie algebroid onnetions (ompare also to
Lemma 6.1 in [25℄).
Lemma 2.8. Let E be any Lie algebroid over a manifold M , K a line bundle over M , and
D a Hermitian E-onnetion on K. Consider the entral extension E ⊕η R, where 2πiη
equals the urvature of D; then D˜(Y,g) = DY + 2πig denes an E ⊕η R-onnetion on K
whih is moreover at.
Proof. One heks easily that D˜ is indeed a Lie algebroid onnetion. Reall that the braket
on E ⊕η R is dened as [(a1, f1), (a2, f2)]E⊕ηR = ([e1, e2]E , ρ(a1)f2 − ρ(a2)f1 + η(a1, a2)),
where ρ is the anhor, and that the urvature of D˜ is
RD˜(e1, e2)s = D˜e1D˜e2s− D˜e2D˜e1s− D˜[e1,e2]s
for elements ei of E ⊕η R and s of K. The atness of D˜ follows by a straightforward
alulation. 
We will use of this onstrution, whih is just a way to make expliit the struture of a
transformation algebroid (see Remark 2.10 below).
Lemma 2.9. Let A be any Lie algebroid over a manifold P , πQ : Q→ P a priniple SO(n)-
bundle, πK : K → P the vetor bundle assoiated to the standard representation of SO(n)
on R
n
, and D˜ a at A-onnetion on K preserving its ber-wise metri. The A-onnetion
indues a bundle map hQ : π
∗
QA→ TQ (the horizontal lift) that an be used to extend, by
the Leibniz rule, the obvious braket on SO(n)-invariant setions of π∗QA to all setions of
π∗QA. The vetor bundle π
∗
QA, with this braket and hQ as an anhor, is a Lie algebroid
over Q.
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Proof. We rst reall some fats from Setion 2.5 in [11℄. The A-onnetion D˜ on the
vetor bundle K denes a map (the horizontal lift) hK : π
∗
KA→ TK overing the anhor
A → TP by taking parallel translations of elements of K along A-paths. See Setion
4.2 for the denition of A-paths. Expliitly, x an A-path a(t) with base path γ(t), a
point x ∈ π−1K (γ(0)) and let γ˜(t) the unique path in K (over γ(t)) starting at x with
D˜a(t)γ˜(t) = 0. We an always write D˜ = ∇ρ• − β˜ where ∇ is a metri TP -onnetion on
A and β˜ ∈ Γ(A∗) ⊗ so(K); then ∇ρa(t)γ˜(t) = 〈β˜, a(t)〉γ˜(t). Sine the left hand side is the
projetion of the veloity of γ˜(t) along the Ehresmann distribution H orresponding to ∇,
we obtain
d
dt
γ˜(t) = ( d
dt
γ(t))H + 〈β˜, a(t)〉γ˜(t), so that
hK(a(0), x) :=
d
dt
|t=0γ˜(t) = ρ(a(0))
H + 〈β˜, a(0)〉x.(6)
Of ourse hK does not depend on ∇ or β˜ diretly, but just on D˜. By our assumptions hK is
indued by a horizontal lift for the priniple bundle Q, i.e. by a SO(n)-equivariant map
hQ : π
∗
QA→ TQ overing the anhor of A. Sine our A-onnetion D˜ is at, the map that
assoiates to a setion s of A the vetor eld hQ(π
∗
Qs) on Q is a Lie algebra homomorphism.
On setions π∗Qs1, π
∗
Qs2 of π
∗
QA whih are pullbaks of setions of A we dene the braket
to be π∗Q[s1, s2], and we extend it to all setions of π
∗
QA by using hQ as an anhor and
foring the Leibniz rule. We have to show that the resulting braket satises the Jaobi
identity. Given setions si of A and a funtion f on Q one an show that the Jaobiator
[[π∗Qs1, f · π
∗
Qs2], π
∗
Qs3] + c.p. = 0 by using the fats that the braket on setions of A
satises the Jaobi identity and that the orrespondene π∗Qsi 7→ hQ(π
∗
Qsi) is a Lie algebra
homomorphism. Similarly, the Jaobiator of arbitrary setions of Q is also zero due to fat
that hQ atually indues a homomorphism on all setions of π
∗
QA. 
Remark 2.10. Using hK instead of hQ in the onstrution of the previous lemma leads to
a Lie algebroid struture on π∗KA → K. As Kirill Makenzie pointed out to us, π
∗
KA is
just the transformation algebroid arising from the Lie algebroid ation of A on K given by
the at onnetion D˜. Similarly, the Lie algebroid struture on π∗QA we onstruted in the
lemma is the transformation algebroid struture oming from hQ, whih is viewed here as
a Lie algebroid ation of A on Q.
Now we ome bak to our original setting, where we onsider the Lie algebroid L over
P and a hermitian L-onnetion D on the line bundle K over P . Consider Lc, the Jaobi-
Dira struture on P naturally assoiated to L. There is a anonial isomorphism Lc →
L⊕ΥR, (X, 0)⊕(ξ, g) 7→ (X, ξ, g) of Lie algebroids over P [8℄. Lemma 2.8 provides us with
a at L ⊕Υ R-onnetion D˜ on K , and by Lemma 2.9 the pullbak of L ⊕Υ R to Q (the
irle bundle assoiated to K) is endowed with a Lie algebroid struture. Using equation
(6) one sees that its anhor hQ : π
∗
Q(L⊕Υ R)→ TQ, at any point of Q, is given by
(7) hQ(X, ξ, g) = X
H + (〈X ⊕ ξ, β〉 − g)E
(here we make immaterial hoies to write D as in equation (5) and denote by H the
horizontal lift w.r.t. kerσ). This formula for the anhor suggests how to identify π∗Q(L⊕ΥR)
with a subbundle of E1(Q): we will show that the natural injetion
I : π∗Q(L⊕Υ R)→ L¯ ⊂ E
1(Q), I(X, ξ, g) = (hQ(X, ξ, g), 0) ⊕ (π
∗ξ, g)
is a Lie algebroid morphism, whose image is a odimension one subalgebroid of L¯ whih we
denote by L¯0. We regard L¯0 as a lift of L (or rather L
c
) obtained using the hermitian
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L-onnetion D. Now we an desribe the Jaobi-Dira struture L¯ prequantizing L in
invariant terms and haraterize partially (see also Remark 2.14) its Lie algebroid struture:
Theorem 2.11. Assume that the Dira manifold (P,L) satises the prequantization ondi-
tion (3). Fix the line bundle K over P assoiated with [Ω] and a Hermitian L-onnetion
D on K with urvature 2πiΥ. Denote as above by L¯0 the lift of L
c
by the onnetion D.
Then L¯, the subbundle dened in Thm. 2.4, is haraterized as the unique Jaobi-Dira
struture on Q whih ontains L¯0 and whih is dierent from (π
⋆L)c (where π⋆L denotes
the pullbak Dira struture of L). Further L¯0 is anonially isomorphi to π
∗
Q(L⊕Υ R) as
a Lie algebroid.
Proof. We rst show that I : π∗Q(L ⊕Υ R) → L¯ is indeed a Lie algebroid morphism. We
ompute for S1 invariant setions
[I(X1, ξ1, 0), I(X2, ξ2, 0)]E1(Q)
=I([(X1, ξ1), (X2, ξ2)]Cou, 0) + 〈(X1, ξ1), (X2, ξ2)〉− ((−E, 0)⊕ (0, 1))
=I([(X1, ξ1, 0), (X2, ξ2, 0)]π∗Q(L⊕ΥR))
(8)
and [I(X, ξ, 0), I(0, 0, 1)]E1 (Q) = 0; then one heks that I respets the anhor maps of
π∗Q(L⊕Υ R) and L¯.
To prove the above haraterization of L¯ we show that there are exatly two maximally
isotropi subbundles of E1(Q) ontaining L¯0. Indeed, denoting by (L¯0)
⊥
the orthogonal of
L¯0 w.r.t. the pairing 〈•, •〉+, the quotient (L¯0)
⊥/L¯0 is a rank 2 vetor bundle over Q whih
inherits a non-degenerate symmetri pairing on its bers. Every ber of suh bundle is
isomorphi to R
2
with pairing 〈(a, b), (a′, b′)〉 = 12(ab
′ + ba′), whih learly ontains exatly
two isotropi subspaes of rank one (namely R(1, 0) and R(0, 1)). So there are at most two
maximally isotropi subbundles of E1(Q) ontaining L¯0; indeed there are exatly two: L¯
and L¯0 ⊕ R((0, 0) ⊕ (0, 1)). The latter is π
⋆L = {Y ⊕ π∗ξ : π∗(Y ) ⊕ ξ ∈ L} viewed as a
Jaobi-Dira struture on Q, hene we are done. 
Remark 2.12. Using the anonial identiations of Lie algebroids L⊕ΥR ∼= L
c
and π∗Q(L⊕Υ
R) ∼= L¯0 the natural Lie algebroid morphism π
∗
Q(L⊕Υ R)→ L⊕Υ R is
(9) Φ : L¯0 → L
c, (X, 0) ⊕ (π∗ξ, g) 7→ (π∗X, 0)⊕ (ξ, g).
Remark 2.13. The onstrution of Thm. 2.11 gives a quik way to see that the subbundle
L¯ of E1(Q), as dened in Thm. 2.4, is indeed losed under the extended Courant braket:
L¯0 is losed sine we realized it as a Lie algebroid, and the sum with the span of the setion
(−AH , 1)⊕(σ−π∗α, 0) is losed under the braket beause 〈[s1, s2]E1(Q), s3〉+ (for si setions
of E1(Q)) is a totally skew-symmetri tensor [13℄.
Remark 2.14. The haraterization of L¯0 as the transformation algebroid of some ation of
L⊕Υ R ∼= L
c
on Q (Thm. 2.11) shows that if the Lie algebroid Lc is integrable then L¯0 is
integrated by the orresponding transformation groupoid. Unfortunately using Thm. 2.11
we are not able to make the same onlusion for L¯. Looking at the brakets on L¯ is not
very illuminating: it is determined by (8) and
[I(X, ξ, 0), (−AH , 1)⊕ (σ − π∗α, 0)]E1(Q) = I(−[(X, ξ), (A,α)]Cou , 0)
+I(0,Ω(X) − ξ +
1
2
d〈X ⊕ ξ, β〉, 0) − 〈A, ξ〉 ((−E, 0) ⊕ (0, 1)) .
(10)
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The remaining brakets between setions of the form I(X, ξ, 0), I(0, 0, 1) and (−AH , 1)⊕(σ−
π∗α, 0) vanish, and by the Leibniz rule these brakets determine the braket for arbitrary
setions of L¯.
Remark 2.15. Dierent hoies of L-onnetion on the line bundle K with urvature 2πiΥ
usually lead to Lie algebroids L¯ with dierent foliations (see Remark 2.7), whih therefore
an not be isomorphi. However the subalgebroids L¯0 are always isomorphi. Indeed any
two onnetions with the same urvature are of the form D and D′ = D + 2πiγ, where γ
is a losed setion of L∗ (see Prop. 6.1 in [25℄). A omputation using dLγ = 0 shows that
(X, ξ)⊕ g 7→ (X, ξ)⊕ (g − 〈(X, ξ), γ〉) is a Lie algebroid automorphism of L⊕Υ R. Further
this automorphism intertwines the Lie algebroid ations (7) of L ⊕Υ R on Q given by the
horizontal lifts of the at onnetions D˜ and D˜′. Hene the transformation algebroids of
the two ations are isomorphi, as is lear from the desription of Lemma 2.9.
We exemplify the fat that ations oming from dierent at onnetions are intertwined
by a Lie algebroid automorphism (something that an not our if the anhor of the Lie
algebroid is injetive) in the simple ase when the Dira struture on P omes from a lose
2-form ω: the Lie algebroid ation of TP ⊕ω R on Q via a onnetion ∇ (with urvature
2πiω) is intertwined to the obvious ation of the Atiyah algebroid TQ/S1 on Q (essentially
given by the identity map) via TP ⊕ω R ∼= TQ/S
1
is (X, g) 7→ XH − π∗gE, where σ is the
onnetion on the irle bundle Q orresponding to ∇.
2.3. Desribing L¯ via the braket on funtions. In this subsetion we will desribe
the geometri struture L¯ on the irle bundle Q in terms of the braket on the admissible
funtions on Q; by Remark 2.17 below the braket on funtions uniquely determines L¯.
We adopt the following notation. FS denotes the funtion on Q assoiated to a setion S
of the line bundleK: FS is just the restrition to the bundle of unit vetors Q of the berwise
linear funtion on K given by 〈·, S〉, where 〈·, ·〉 is the S1-invariant real inner produt on
K orresponding to the hosen Hermitian form on K. Alternatively FS an be desribed
as the real part of the S1-antiequivariant funtion on Q that naturally orresponds to the
setion S. By iS we denote the image of the setion S by the ation of i ∈ S1 (i.e. S rotated
by 90◦), and f and g are funtions on P .
Proposition 2.16. Assume that the Dira manifold (P,L) satises the prequantization on-
dition (3). Fix the line bundle K over P assoiated with [Ω] and a Hermitian L-onnetion
D on K with urvature 2πiΥ. Denote by D˜ the at onnetion indued as in Lemma 2.8
and by hQ : π
∗
Q(L⊕Υ R)→ TQ the horizontal lift assoiated to D˜ given by (7).
Suppose a Jaobi-Dira struture Lˆ on Q has the following two properties: rst, nearby
any q ∈ Q suh that TP ∩L is regular near π(q), the admissible funtions for Lˆ are exatly
those that are onstant along the leaves of {hQ(X, 0, 0) : X ∈ TP ∩L}. Seond, the braket
on loally dened admissible funtions is given by
• {π∗f, π∗g}Q = π
∗{f, g}P
• {π∗f, FS}Q = F−D˜Xf ,df,fS
• {π∗f, 1}Q = 0
• {FS , 1}Q = −2πFiS .
Then Lˆ must be the Jaobi-Dira struture L¯ given in Thm. 2.4.
Conversely, the Jaobi-Dira struture L¯ given in Thm. 2.4 has the two properties above.
Proof. We start by showing that the Jaobi-Dira struture L¯ onstruted in Thm. 2.4
satises the above two properties. On the set of points where the harateristi distribution
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C := L¯ ∩ (TQ×R)⊕ (0, 0) of any Jaobi-Dira struture has onstant rank the admissible
funtions are exatly the funtions f suh that (df, f) annihilate C. In our ase C =
{XH + 〈α,X〉E : X ∈ L ∩ TP} = {hQ(X, 0, 0) : X ∈ TP ∩L} is atually ontained in TQ,
so the admissible funtions are those onstant on the leaves of C as laimed.
Now we hek that the four formulae for the braket hold. The rst equation follows
from the fat that the pushforward of L¯ is the Jaobi-Dira struture assoiated to L (see
Setion 5 in [25℄).
For the seond equation we make use of the formulae
E(FS) = −2πFiS and X
H(FS) = F∇XS ,
where we make some hoie to express D as in equation (5) and XH denotes to horizontal
lift of X ∈ TP using the onnetion on Q orresponding to the ovariant derivative ∇ on
K. Using these formulae we see
{π∗f, FS}Q = −〈dFS ,X
H
f + 〈(Xf , df), β〉E − fE〉
= F−∇Xf S+2πi(〈(Xf ,df),β〉−f
= F−D˜Xf ,df,fS
.
For the last two equations just notie that, sine (−E, 0) ⊕ (0, 1) is a setion of L¯, the
braket of any admissible funtion with the onstant funtion 1 amounts to applying −E
to that funtion.
Now we show that if a Jaobi-Dira struture Lˆ satises the two properties in the state-
ment of the proposition, then it must be L¯. By Remark 2.17, the braket of dimQ−rkC+1
independent funtions at regular points of C := Lˆ ∩ (TQ× R)⊕ (0, 0) determines Lˆ, so we
have to show that our two properties arry the information of the braket of dimQ−rkC+1
independent funtions at regular points of C .
It will be enough to onsider the open dense subset of the regular points of C where
C = {hQ(X, 0, 0) : X ∈ TP ∩L} (This subset is dense beause it inludes the points q suh
that C is regular near q and TP ∩L is regular near π(q)). Sine there C is atually ontained
in TQ it is lear that 1 and π∗f are admissible funtions, for f any admissible funtion on
P (this means that f is onstant along the leaves of L ∩ TP ; there are dimP − rkC suh f
whih are linearly independent at π(q)). Further we an onstrut an admissible funtion
FS as follows: take a submanifold Y near π(q) whih is transverse to the foliation given by
L ∩ TP , and dene the setion S|Y so that it has norm one (i.e. its image lies in Q ⊂ K).
Then extend S to a neighborhood of π(q) by starting at a point y of Y and following the
leaf of C through S(y) (notie that C is a at partial onnetion on Q → P overing the
distribution L ∩ TP on P ). Sine C is S1 invariant, the resulting funtion FS is learly
onstant along the leaves of C, hene admissible. Altogether we obtain dimQ − rkC + 1
admissible funtions in a neighborhood of q for whih we know the brakets, so we are
done. 
Remark 2.17. On any Jaobi-Dira manifold (Q, Lˆ) the braket on the sheaf of admissible
funtions (C∞adm(Q), {·, ·}) determines the subbundle Lˆ of E
1(Q). (This might seem a bit
surprising at rst, sine the set of admissible funtions is usually muh smaller than C∞(Q)).
The set of points where C := Lˆ∩ (TQ×R)⊕ (0, 0) (an analog of a harateristi distri-
bution) has loally onstant rank is an open dense subset of Q, sine C is an intersetion
of subbundles. Hene by ontinuity it is enough to reonstrut the subbundle L¯ on eah
point q of this open dense set.
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Sine we assume that C has onstant rank near q, given C∞adm(Q) in a neighborhood
of q we an reonstrut C as the distribution annihilated by (df, f) where f ranges over
C∞adm(Q). We an learly nd dimQ− rkC +1 admissible funtions fi suh that {(dfi, fi)}
forms a basis of ρT ∗Q×R(Lˆ) = C
◦
near q. The fat that eah fi is an admissible funtion
means that there exist (Xi, φi) suh that (Xi, φi) ⊕ (dfi, fi) is a smooth setion of Lˆ. Now
knowing the braket of any fj with the other fi's, i.e. the pairing of (Xj , φj) with all
elements of ρT ∗Q×R(Lˆ), does not quite determine (Xj , φj). However it determines (Xj , φj)
up to setions of C, hene the diret sum of the span of all (Xi, φi) ⊕ (dfi, fi) and of C
is a well dened subbundle of E1(Q). Moreover it has the same dimension as Lˆ and it is
spanned by setions of Lˆ, so it is Lˆ.
3. Prequantization and redution of Jaobi-Dira strutures
In the last setion we onsidered a prequantizable Dira manifold (P,L) and endowed Q
(the total spae of the irle bundle over P ) with distinguished Jaobi-Dira strutures L¯.
We are interested in the relation between the Lie algebroid strutures on L¯ and Lc (the
Jaobi-Dira struture anonially assoiated to L), beause they will give an indiation of
the relation between the Lie groupoids integrating them. The map Φ of (9) is a natural
surjetive morphism of Lie algebroids from the odimension one subalgebroid L¯0 of L¯ to L
c
,
so one may hope to extend Φ to a Lie algebroid morphism dened on L¯. However in general
there annot be any Lie algebroid morphism from L¯ to Lc or L with base map π: reall
that a morphism of Lie algebroids maps eah orbit of the soure Lie algebroid into an orbit
of the target Lie algebroid. If the map π : Q → P indued a morphism of Lie algebroids,
then the orbits
1
of L¯ would be mapped into the orbits of Lc (whih oinide with those of
L). However this happens exatly when (one and hene all hoies of) the vetor eld A
appearing in Thm. 2.4 is tangent to the foliation of L (see Setion 4.1 of [25℄). In the ase
of Example 4.13, i.e. Q = S1 × R and P = R, the orbits of T ∗Q × R are exatly three
(namely S1×R+, S
1×{0} and S1×R−), and π does not map them into the orbits of T
∗P ,
whih are just points.
In this setion we will take advantage of the fat that L¯, in addition to the Lie algebroid
struture, also arries a geometri struture, namely a preontat struture θL¯ ∈ Ω
1(L¯)
dened as follows:
(11) θL¯ := pr
∗(θc + dt),
where θc is the anonial 1-form on the otangent bundle T
∗Q, t is the oordinate on R, and
pr is the projetion of L¯ ⊂ E1(Q) onto T ∗Q× R. We will use the the 1-form θL¯ to reover
the Lie algebroid Lc from L¯ via a preontat redution proedure, whih we will globalize
to the orresponding Lie groupoids in the next Setion.
3.1. Redution of Jaobi-Dira strutures as preontat redution. We reall a
familiar fat: in sympleti geometry, we have the well-known motivating example of sym-
pleti redution T ∗M//0G = T
∗(M/G). In [9℄, it is extended to ontat geometry by
replaing T ∗M by the osphere bundle of M . Here we prove a similar result by replaing
T ∗M by T ∗M × Ranother natural ontat manifold assoiated to any manifold M . Later
on we will use this to redue a G-invariant Jaobi-Dira struture on M to a Jaobi-Dira
1
The orbits of a Lie algebroid are the leaves integrating the (singular) distribution given by the image of
the anhor map.
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struture on M/G.
Let a Lie group G at on a ontat manifold (C, θ) preserving the ontat form θ.
Then, a moment map is a map J from the manifold M to g∗ (the dual of the Lie algebra)
suh that for all v in the Lie algebra g:
(12) 〈J, v〉 = θM(vM ),
where vM is the innitesimal generator of the ation on M given by v. The moment
map J is automatially equivariant with respet to the oadjoint ation of G on g∗ given
by ξ · g = L∗gR
∗
g−1
ξ. A group ation as above together with its moment map is alled
Hamiltonian. Notie that any group ation preserving the ontat form is Hamiltonian. In
the above setting there are two ways to perform ontat redution, developed by Albert [1℄
and Willett [26℄ respetively, whih agree when one performs redution at 0 ∈ g∗:
C//0G := J
−1(0)/G
is again a smooth ontat manifold with indued ontat form θ¯ suh that π∗(θ¯) = θ|J−1(0).
Lemma 3.1. Let the group G at on manifold M freely and properly. Then G has an
indued ation on the ontat manifold (C := T ∗M × R, θ := θc + dt) where θc is the
anonial 1-form on T ∗M and t is the oordinate on R. Then this ation is Hamiltonian
and the ontat redution at 0 is
T ∗M × R//0G = T
∗(M/G) × R.
Proof. The indued G ation on T ∗M ×R is by g · (ξ, t) = ((g−1)∗ξ, t), and it preserves the
1-form θc + dt. The projetion of this ation on M is the G ation on M so it is also free
and proper. Then the moment map J is determined by
〈J(ξ, t), v〉 = (θc + dt)(ξ,t)(vC) = θc(vC) = 〈ξ, vM 〉,
where vC (resp. vM ) denotes the vetor led orresponding to the innitesimal ation of G
on the manifold C (resp. M). Sine all innitesimal generators vC are nowhere proportional
to the Reeb vetor eld
∂
∂t
, by Remark 3.2 in [26℄ all points of T ∗M ×R are regular points
of J . So J−1(0) = {(ξ, t) : 〈ξ, vM 〉 = 0 ∀v ∈ g} = {(π
∗µ, t) : µ ∈ T ∗(M/G)} (with
π : M → (M/G)) is a smooth manifold. Therefore it is not hard to see that there is a
well-dened
Φ : J−1(0)/G→ T ∗(M/G) × R, ([ξ], t) 7→ (µ, t),
where µ is uniquely determined by π∗µ = ξ and we used the notation [·] to denote the
quotient of points (and later tangent vetors) of J−1(0) by the G ation. It is not hard
to see that Φ is an isomorphism sine the two sides have the same dimension and Φ is
obviously surjetive. The ontat form on T ∗(M/G) × R orresponding to the redued
ontat form θ¯ via the isomorphism Φ is the anonial one: for a tangent vetor ([v], λ ∂
∂t
) ∈
T[ξ],t(J
−1(0)/G),
θ¯[ξ],t([v], λ
∂
∂t
) = θξ,t(v, λ
∂
∂t
) = ξ(p∗v) + λ = µ(p¯∗Φ∗[v]) + λ,
where p : T ∗M → M and p¯ : T ∗(M/G) → M/G. Here we used p¯∗Φ∗[v] = π∗p∗v, whih
follows from the fat that Φ is a vetor bundle map, and we abuse notation by denoting
with the same symbol a restrition of Φ. 
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This result extends to the preontat situation: instead of the ontat manifold T ∗M×R
we onsider a Jaobi-Dira subbundle L¯ ⊂ E1(M), whih together with the 1-form θL¯ ∈
Ω1(L¯) dened in (11) is a preontat manifold.
Proposition 3.2. When (Q, L¯) is a Jaobi-Dira manifold, L¯ is a preontat manifold as
desribed above. If the group G ats freely and properly on Q preserving the Jaobi-Dira
struture, the ation lifts to a free proper Hamiltonian ation on L¯ with moment map J ,
〈J((X, f) ⊕ (ξ, g)), v〉 = θL¯|(X,f)⊕(ξ,g)(vL¯) = ξ(vQ).
Write gQ as a short form for {vQ : v ∈ g} ⊂ TQ, and let π⋆L¯ ⊂ E
1(P ) be the pushforward
of L¯ via π : Q→ P := Q/G. Then
(1) J−1(0) is a subalgebroid of L¯ i L¯ ∩ (gQ, 0) ⊕ (0, 0) has onstant rank, and in that
ase L¯//0G := J
−1(0)/G has an indued Lie algebroid struture;
(2) J−1(0)/G ∼= π⋆L¯ both as Lie algebroids and preontat manifolds, i L¯ ∩ (gQ, 0) ⊕
(0, 0) = {0}. Here the preontat forms are the redued 1-form on J−1(0)/G and
the one dened as in (11) on π⋆L¯ respetively.
Proof. The G ation on Q lifts to L¯ by g · (X, f)⊕ (ξ, g) = (g∗X, f)⊕ ((g
−1)∗ξ, g), and the
resulting moment map J is learly as laimed in the statement.
To prove (1) we start with some linear algebra and x x ∈ Q. We have a map π∗ : TxQ→
Tπ(x)(Q/G), hene we an push forward L¯x to
(π⋆L¯)π(x) = {(π∗X, f)⊕ (µ, g) : (X, f)⊕ (π
∗µ, g) ∈ L¯x}
to obtain a linear Jaobi-Dira subspae of E1(Q/G)π(x). Sine L¯ is G invariant, doing this
at every x ∈ Q we obtain a well dened subbundle of E1(Q/G), whih however might fail
to be smooth
2
. We have a surjetive map
Φ : J−1(0) = {(X, f)⊕ (ξ, g) ∈ L¯ : ξ = π∗µ for some µ ∈ Tπ(x)(Q/G)} → π⋆L¯
(X, f)⊕ (ξ, g) 7→ (π∗X, f)⊕ (µ, g)
(13)
whose kernel is exatly J−1(0)∩ (gQ, 0)⊕ (0, 0) (Notie that the map is well dened for π is
a submersion). So J−1(0) has onstant rank i J−1(0)∩ (gQ, 0)⊕ (0, 0) = L¯∩ (gQ, 0)⊕ (0, 0)
does. In this ase it is easy to see that J−1(0) is losed under the Courant braket: the
Courant braket of two setions of J−1(0) lie in L¯ (beause L¯ is losed under the braket),
therefore one just has to show that its otangent omponent is annihilated by gQ. By
a straight-forward omputation this is true for G-invariant setions, and by the Leibniz
rule it follows for all setions of J−1(0), i.e. J−1(0) is a subalgebroid. Clearly J−1(0)/G
beomes a Lie algebroid with the braket indued from the one on J−1(0) and anhor
([X], f)⊕ ([ξ], g) 7→ π∗X (where [·] denotes the equivalene relation given by the G ation).
To prove (2) onsider the map Φ above. It indues an isomorphism of vetor bundles over
P between J−1(0)/G and π⋆L¯ i it is berwise injetive, i.e. i L¯ ∩ (gQ, 0) ⊕ (0, 0) = {0}.
Sine J−1(0)/G (being a preontat redution) is a smooth manifold and J−1(0)/G ∼= π⋆L¯
is point-wise a subbundle of E1(P ), it follows that π⋆L¯ is a smooth vetor bundle over P .
We are left with showing that Φ indues an isomorphism of Lie algebroids and preontat
manifolds. Using the fat that operations appearing in the denition of Courant braket
suh as taking Lie derivatives ommute with taking quotient of G (for example π∗(Lπ∗Xµ) =
LXπ
∗µ) we dedue that Φ : J−1(0) → π⋆L¯ is a surjetive morphism of Lie algebroids, hene
the indued map Φ : J−1(0)/G → π⋆L¯ an isomorphism of Lie algebroids.
2
For example it is not smooth when G = R, Q = R2, vQ =
∂
∂x
and L¯ is the graph of the 1-form y
2
2
dx.
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The isomorphism of preontat manifolds follows from an entirely similar argument as in
Lemma 3.1. We onsider a tangent vetor ([w], κ ∂
∂s
)⊕ ([v], λ ∂
∂t
) ∈ T([X],f)⊕([ξ],g)(J
−1(0)/G),
then Φ(([X], f) ⊕ ([ξ], g)) = (π∗X, f)⊕ (µ, g), where π
∗µ = ξ. So the indued 1-form θ¯ on
J−1(0)/G satises,
θ¯[X],f,[ξ],g([w], κ
∂
∂s
)⊕ ([v], λ
∂
∂t
) = θX,f,ξ,g(w, κ
∂
∂t
)⊕ (v, λ
∂
∂t
) = ξ(p∗v)+λ = µ(p¯∗Φ∗[v])+λ,
where p : L¯ → Q and p¯ : π⋆L¯ → P are projetions. Therefore θ¯ = Φ
∗θπ⋆L¯ with θπ⋆L¯ the
anonial 1-form as in (11). 
Remark 3.3. A speial ase of Prop. 3.2 is the usual redution of basi 1-forms: if the
Jaobi-Dira struture L¯ of Prop. 3.2 omes from 1-form σ on Q suh that gQ ⊂ kerσ, then
the pushforward π⋆L¯ is given by the unique 1-form σred on P = Q/G satisfying π
∗σred = σ.
3.2. Redution of prequantizing Jaobi-Dira strutures. Now we adapt the general
theory of redution of Jaobi-Dira manifolds disussed in the previous subsetion to our
situation, namely we onsider a prequantization Q of Dira manifold (P,L). Then Q is
Jaobi-Dira with a free and proper S1 ation whih preserves the Jaobi-Dira struture L¯.
Let Lc = {(X, 0) ⊕ (ξ, g) : (X, ξ) ∈ L, g ∈ R} denote the Jaobi-Dira struture assoiated
to the Dira manifold (P,L). Then Lc naturally has a preontat form as desribed in (11).
The algebroids L¯, Lc and L t into the following diagram (where we denote dimensions and
ranks by supersripts):
L¯n+2

(Lc)n+1 //

Ln
{{ww
ww
ww
ww
ww
Qn+1
π
// Pn
The left two Lie algebroids in the diagram are related by the redution desribed in the
next proposition:
Proposition 3.4. When (Q, L¯) is a prequantization of Dira manifold (P,L) we have
J−1(0) = L¯0 (reall that L¯0 was dened at the end of Setion 2.2) and the isomorphisms of
preontat manifolds and Lie algebroids,
L¯//0S
1 ∼= Lc.
Proof. The equality is lear from the haraterization of J−1(0) in eq. (13) and from the
denition of L¯0. For the isomorphism notie that L
c = π⋆L¯ (this is equivalent to saying that
π is a forward Jaobi-Dira map) and apply Prop. 3.2 (whih holds beause the assumption
L¯∩ (gq, 0)⊕ (0, 0) = {0} is satised, as is lear from the denition of L¯ in Theorem 2.4). 
In the rest of this subsetion we want to see what Lemma 3.4 says about the objets that
integrate the Lie algebroids L¯ and Lc. We rst reall few denitions.
Denition 3.5. A Lie groupoid over a manifold P is a manifold Γ endowed with surjetive
submersions s,t (alled soure and target) to the base manifold P , a smooth assoiative
multipliation m dened on elements g, h ∈ Γ satisfying s(g) = t(h), an embedding of P
into Γ as the spaes of identities and a smooth inversion map Γ → Γ satisfying ertain
ompatibility onditions (see for example [16℄)
Every Lie algebroid Γ has an assoiated Lie algebroid, whose total spae is ker(s∗|P ) ⊂
TΓ|P , with a braket on setions dened using right invariant vetor elds on Γ and t∗|P
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as anhor. A Lie algebroid A is said to be integrable if there exists a Lie groupoid whose
assoiated Lie algebroid is isomorphi to A; in this ase there is a unique (up to isomorphism)
soure simply onneted (s.s..) Lie groupoid integrating A.
The following two denition are adapted from [3℄ and [17℄ respetively to math up the
onventions of [8℄ and [27℄.
Denition 3.6. A presympleti groupoid is a Lie groupoid Γ over a manifold P , with
dimΓ = 2dimP , equipped with a losed 2-form ΩΓ satisfying
m∗ΩΓ = pr
∗
1ΩΓ + pr
∗
2ΩΓ
and the non-degeneray ondition
ker t∗ ∩ ker s∗ ∩ ker ΩΓ = {0}.
By [3℄ the Dira struture on Γ given by the graph of Ω pushes down via s to a Dira
struture L on the base P whih, as a Lie algebroid, is isomorphi to the Lie algebroid of
Γ. Conversely, if (P,L) is any Dira manifold, then L (if integrable) integrates to a s.s..
presympleti groupoid as above. The latter is unique (up to presympleti groupoid auto-
morphism), and will be denoted by Γs(P ) in this paper.
Hene presympleti groupoids are the objets integrating Dira strutures. The objets
integrating Jaobi-Dira strutures are the following:
Denition 3.7. A preontat groupoid is a Lie groupoid Γ over a manifold Q, dimΓ =
2dimQ + 1, equipped with a 1-form θΓ and a funtion fΓ satisfying fΓ(gh) = fΓ(g)fΓ(h)
and
m∗θΓ = pr
∗
1θΓpr
∗
2fΓ + pr
∗
2θΓ
and the non-degeneray ondition
ker t∗ ∩ ker s∗ ∩ ker θΓ ∩ ker dθΓ = {0}.
The 1-form θΓ, viewed as a Jaobi-Dira struture on Γ, pushes forward via the soure map
to a Jaobi-Dira struture onM whih is isomorphi to the Lie algebroid of Γ. (The formula
for a anonial isomorphism is given in Appendix A). Conversely, if (Q, L¯) is any Jaobi-
Dira manifold, then L¯ (if integrable) integrates to a s.s.. unique preontat groupoid as
above, whih will be denoted by Γs(P ) in this paper. Notie that a Dira manifold (P,L),
in addition to the presympleti groupoid Γs(P ) assoiated as above, also has has an asso-
iated preontat groupoid Γc(P ) integrating the Jaobi-Dira struture L
c
orresponding
to L.
When the presympleti groupoid Γs(P ) is prequantizable its prequantization irle bun-
dle an be view as an alternative prequantization spae for (P,L), beause Γs(P ) is the
global objet that orresponds to the Dira manifold (P,L). We will see in items (4) and
(5) of Thm. 4.11 that the prequantizability and integrability of (P,L) implies that Γs(P ) is
prequantizable, and that the prequantization bundle Γ˜c(P ) is a groupoid integrating L
c
, so
A(Γ˜c(P )) ∼= L
c
where A denote the funtor that takes the Lie algebroid of a Lie groupoid.
(In the Poisson ase this follows from [8℄ and [2℄).
There is a anonial Lie algebroid isomorphism between ker s∗|P ⊂ T Γ˜c(P )|P and L
c
,
given by Lemma A.1. It mathes the restrition to ker s∗|P of the 1-form on Γ˜c(P ) and
the preontat form θLC on L
c
(see eq. (11)) at points of P (notie that at points of the
zero setion P the preontat form on Lc is just pr∗dt, i.e. the projetion onto the last
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omponent). Similarly the anonial isomorphism between ker s∗|Q (where here s denotes
the soure map of Γc(Q)) and L¯ mathes the restrition of the 1-form on Γc(Q) and θL¯.
Hene the redution of Prop. 3.4 mathes the 1-forms on the groupoids Γc(Q) and Γ˜c(P )
at points of the identity setions.
As we will see in the next setion, there is an S1 ation on the preontat groupoid
(Γc(Q), θΓ, fΓ) of (Q, L¯) whih is anonially indued by the S
1
ation on Q and whih
hene makes the soure map equivariant and whih respets the 1-form and multipliative
funtion on the groupoid. The equivariane makes sure that taking derivatives along the
identity one gets an S1 ation on ker s∗|Q by vetor bundle isomorphism. Further, under
the anonial isomorphism (see Lemma A.1) ker s∗|Q ∼= L¯, the S
1
ation is the natural
one desribed at the beginning of the proof of Prop. 3.2, beause the S1 ation on Γc(Q)
respets t,rΓ and θΓ. We onlude that the S
1
ation we onsidered in this subsetion is
the innitesimal version of the S1 ation on (Γc(Q), θΓ). We summarize:
Proposition 3.8. The natural S1 ation on Q lifts to an ation on A(Γc(Q)) ∼= L¯, whose
preontat redution is Lc ∼= A(Γ˜c(P )), endowed with the Lie algebroid and preontat stru-
tures given by the Lie groupoid Γ˜c(P ).
In the next setion we will show that the preontat redution of Γc(Q) is isomorphi,
both as preontat manifold and a groupoid, to the s.s.. preontat groupoid of P , and
that Γ˜c(Q) is a disrete quotient of it. This means that preontat redution ommutes
with the Lie algebroid funtor:
A(Γc(Q)//0S
1) = A(Γc(Q))//0S
1.
Further we also have a orrespondene at the intermediate step of the redution, namely
for the zero level sets of the moment maps (see item (3) of Thm. 4.9).
4. Prequantization and redution of preontat groupoids
In this setion we analyze the relation between the groupoids assoiated to (P,L) and
(Q, L¯), leading to an integrated version of Proposition 3.4 (i.e. to redution of groupoids).
In Subsetion 4.1 we will perform the redution using nite dimensional arguments, restrit-
ing ourselves for simpliity to the ase when P is a Poisson manifold. If on one hand our
nite dimensional proof might appeal more to geometri intuition, it will not allow to on-
lude whether the redued groupoids we obtain are soure simply onneted. In Subsetion
4.2, for the general ase when P is a Dira manifold, we will obtain a omplete desription
of the redution using path spaes. We will onlude with two examples.
4.1. The Poisson ase. In this subsetion we show our results for Poisson manifold without
using the innite dimensional path spaes.
We start displaying a simple example, whih was also a motivating example in [6℄.
Example 4.1. Let (P, ω) be a simply onneted integral sympleti manifold, and (Q, θ) a
prequantization. We have the following diagram of groupoids:
(Q×Q× R,−e−sθ1 + θ2, e
−s)

(Q×S1 Q, [−θ1 + θ2])

// (P × P,−ω1 + ω2)
ttiii
iii
iii
iii
iii
iii
ii
ttiii
iii
iii
iii
iii
iii
ii
Q // P
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The rst groupoid is a (usually not s.s..) ontat groupoid of (Q, θ), with oordinate s
on the R fator. The seond is a ontat groupoid of (P, ω) whih is a prequantization of
the third groupoid (the s.s.. sympleti groupoid of (P, ω)). The S1 ation on Q indues
a irle ation on its ontat groupoid with moment map given by 〈J, 1〉 = −e−s + 1, so
that its zero level set is obtained setting s = 0, and dividing by the irle ation we obtain
exatly the seond groupoid above, i.e. the prequantization of the s.s.. groupoid of (P, ω).
Let P be a Poisson manifold, onsider the Dira struture L given by the graph of the
Poisson bivetor, and assume that (P,L) is prequantizable and that it is integrable, in
whih ase it integrates to a s.s. sympleti
3
groupoid Γs(P ). The prequantizability of
(P,L) implies that the period group of any soure ber of Γs(P ) is ontained in Z (see
Setion 3.3 of [2℄, or Theorem 4.2 below for a straightforward generalization). This last
ondition is equivalent to saying that the sympleti groupoid Γs(P ) is prequantizable in
the sense of [6℄ (see Prop. 2 in [2℄ or Thm. 3 in [8℄). Its unique prequantization will be
denoted by Γ˜c(P ) and turns out to be a (usually not s.s..) ontat
4
groupoid of P , i.e.
it integrates the Lie algebroid Lc. Fix a prequantization (Q, L¯) and assume that the Lie
algebroid L¯ is integrable; denote by Γc(Q) the integrating s.s.. ontat groupoid. Now,
integrating the redution statements of the last setion, we will larify the relation between
Γc(Q) (the global objet attahed to the prequantization bundle Q) and the prequantization
of Γs(P ) (whih an be thought of as a dierent way to prequantize (P,L)).
The (smooth) groupoids we onsider t into the following diagram; we omitted Γ˜c(P ),
whih is just a disrete quotient of the s.s.. ontat groupoid Γc(P ). This diagram orre-
sponds to the diagram of Lie algebroids in Subsetion 3.2, and again we denote dimensions
by supersripts.
Γc(Q)
2n+3

Γc(P )
2n+1

// Γs(P )
2n
xxqq
qq
qq
qq
qq
q
xxqq
qq
qq
qq
qq
q
Qn+1
π
// Pn
Theorem 4.2. Let (P,L) be an integrable prequantizable Poisson manifold, and (Qn+1, L¯)
one of its prequantizations as in Subsetion 2.1, whih we assume to be integrable. Then:
a) The s.s. ontat groupoid Γc(P ) of (P,L) is obtained from the s.s.. ontat groupoid
Γc(Q) of (Q, L¯) by S
1
ontat redution.
b) The prequantization of the s.s.. sympleti groupoid Γs(P ) is a disrete quotient of
Γc(P ).
Proof. S1 ats on Q, and it ats also on TQ⊕T ∗Q by the tangent and otangent lifts. The
S1 ation preserves the subbundle given by the Jaobi-Dira struture L¯, hene we obtain
an S1 ation on the Lie algebroid L¯ → Q. The soure simply onneted (s.s..) ontat
groupoid (Γc(Q), θΓ, fΓ) of (Q, L¯) is onstruted anonially from the Lie algebroid L¯ via
the path-spae onstrution [7℄, so it inherits an S1 ation that preserves its geometri and
groupoid strutures. In partiular the soure and target maps are S1 equivariant, and sim-
ilarly the multipliation map Γc(Q)s ×t Γc(Q) → Γc(Q). Also, the S
1
ation preserves the
ontat form, so there is a moment map JΓ : Γc(Q) → R by JΓ(g) = θΓ(vΓ(g)) where vΓ
denotes the innitesimal generator of the S1 ation. We divide the proof in three steps.
3
This means that the 2-form on the presympleti groupoid intergrating L is non-degenerate.
4
This means that the 1-form on the preontat groupoid satises θΓ ∧ (dθΓ)
dim(P ) 6= 0 .
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Step 1: J−1Γ (0) is a s.s.. Lie subgroupoid of Γc(Q).
We start by showing that JΓ = 1− fΓ; this expliit
5
formula will turn out to be neessary
in Step 2.
To do this we will use several properties of ontat groupoids, for whih to refer to
Remark 2.2 in [27℄. The identity JΓ + fΓ = 1 is lear along the identity setion Q, sine
fΓ is a multipliative funtion and vΓ is tangent to Q whih is a Legendrian submanifold
of (Γc(Q), θΓ). So to show that the statement holds at any point of Γc(Q) it is enough to
show that 〈d(fΓ+JΓ),XfΓt∗u〉 = 0 for funtions u ∈ C
∞(Q), sine hamiltonian vetor elds
XfΓt∗u span ker s∗. The statement follows by two omputations: rst
〈dfΓ,XfΓt∗u〉 = 〈dfΓ, fΓt
∗uEΓ + ΛΓd(fΓt
∗u)〉
=fΓ · 〈dfΓ,ΛΓd(t
∗u)〉 = −fΓ · d(t
∗u)XfΓ = fΓ ·E(u),
(14)
where we used twie EΓ(fΓ) = 0 and the fat that t is a −fΓ-Jaobi map. Seond,
〈d(θΓ(vΓ)),XfΓt∗u〉 = −dθΓ(vΓ,XfΓt∗u) = 〈−d(fΓt
∗u), (vΓ − θΓ(vΓ)EΓ)〉 = −fΓ ·E(u),
where we use the fat that LvΓθΓ = 0 in the rst equality, the formula dθΓ(Xφ, w) =
−〈dφ,wH 〉 valid for any funtion φ on a ontat groupoid (where wH is the projetion of
the tangent vetor w to ker θΓ along the Reeb vetor eld EΓ) in the seond one, and in the
last equality that EΓ(fΓ),vΓ(fΓ),t∗EΓ all vanish and that the S
1
ations on Γc(Q) and Q
are intertwined by the target map t.
Sine fΓ is multipliative, it is lear that J
−1
Γ (0) = f
−1
Γ (1) is a subgroupoid.
Further J−1Γ (0) is a smooth submanifold of Γc(Q): by Prop. 3.1.4 in [26℄ g ∈ Γc(Q) is a
singular point of JΓ i vΓ(g) is a non-zero multiple of EΓ(g). Sine θΓ(EΓ) = 1 this is never
the ase if g ∈ J−1Γ (0), so 0 is a regular value of JΓ.
To show that J−1Γ (0) is a Lie subgroupoid we still need to show that its soure and target
maps are submersions onto Q. We do so by showing expliitly that (ker s∗∩ker dfΓ) (whih
along Q will be the Lie algebroid of J−1Γ (0)) has rank one less than ker t∗; this is lear sine
by the rst equation of Step 1 it is just {XfΓt∗π∗v : v ∈ C
∞(P )}.
For the proof of the soure simply onnetedness of the subgroupoid J−11 (0) we refer to
Thm. 4.9.
Step 2: The ontat redution J−1Γ (0)/S
1
is the s.s.. ontat groupoid Γc(P ) of P .
J−1Γ (0)/S
1
is smooth beause the S1 ation is free and proper, and by ontat redution
it is a ontat manifold, so we just have to show that the Lie groupoid struture desends
and is a ompatible one.
The S1 equivariane of the soure and target maps of Γc(Q) ensure that soure and
target desend to maps J−1Γ (0)/S
1 → P (= Q/S1). Sine the multipliation on Γc(Q) is
S1 equivariant, the multipliation on J−1Γ (0) indues a multipliation on J
−1
Γ (0)/S
1
. It is
routine to hek this makes J−1Γ (0)/S
1
into a groupoid over P . Further, sine the soure
map intertwines the S1 ation on J−1(0) and the free S1 ation on the base Q, the soure
bers of J−1Γ (0)/S
1
will be dieomorphi to the orresponding soure bers of J−1Γ (0), hene
5
The laim of Step 1 follows even without knowing the expliit formula for JΓ. Indeed one an show
that J−1Γ (0) is a subgroupoid by means of the identity JΓ(gh) = f(h)JΓ(g) + JΓ(h), whih is derived using
the multipliativity of θΓ and the fat that vΓ is a multipliative vetor eld (i.e. vΓ(g) · vΓ(h) = vΓ(gh) ;
this is just the innitesimal version of the statement that the multipliation map is S1 equivariant). Sine
J−1Γ (0) is a smooth wide subgroupoid it is transverse to the s bers nearby the identity, therefore its soure
and target maps are submersions and hene it is atually a Lie subgroupoid.
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we obtain a s.s.. Lie groupoid. Sine J−1Γ (0) → J
−1
Γ (0)/S
1
is a surjetive submersion, the
fΓ-twisted multipliativity of θΓ implies that the indued 1-form θˆΓ is multipliative, i.e.
(J−1Γ (0)/S
1, θˆΓ, fˆΓ) is a ontat groupoid.
In order to prove that the above ontat groupoid orresponds to the original Poisson
struture ΛP on P , we have to show that the soure map sˆ : J
−1
Γ (0)/S
1 → P is a Jaobi
map (i.e. a forward Jaobi-Dira map). Consider the diagram
J−1Γ (0)
πJΓ−−−−→ J−1Γ (0)/S
1
s
y sˆy
Q
π
−−−−→ P.
We adopt the following short-form notation: for a 1-form α, Lα will denote the Jaobi-
Dira struture assoiated to α [22℄. Then for the pullbak Jaobi-Dira struture we have
i∗LθΓ = Li∗θΓ, where i is the inlusion of J
−1
Γ (0) into Γc(Q), and the redued 1-form is
reovered as πJΓ∗i
∗LθΓ = LθˆΓ . So by the funtoriality of the pushforward, it is enough to
show that π∗s∗Li∗θΓ , whih by denition is
{((π ◦ s)∗Y, f)⊕ (ξ, g) : (Y, f)⊕ ((π ◦ s)
∗ξ, g) ∈ Li∗θΓ},(15)
equals the Jaobi-Dira struture given by ΛP . First we determine whih tangent vetors Y
to J−1Γ (0) and f ∈ R have the property that i
∗(dθΓ(Y )+ fθΓ) annihilates ker(π ◦ s)∗, whih
using equation (14) is equal to {XfΓt∗π∗v : v ∈ C
∞(P )} ⊕ RvΓ. A omputation similar to
those arried out in Step 1 and using the expliit formula J = 1 − fΓ shows that this is
the ase when f = 0 and π∗t∗Y = 0, whih by a omputation similar to (14) amounts to
Y ∈ {Xs∗π∗v : v ∈ C
∞(P )}⊕RvΓ. These will be exatly the Y  and f  appearing in (15);
a short omputation using the fats that the soure map of Γc(Q) and π are Jaobi maps
shows that (15) equals {(−ΛP ξ, 0) ⊕ (ξ, g) : ξ ∈ T
∗P, g ∈ R}, as was to be shown.
Step 3: ((J−1Γ (0)/S
1)/Z, θˆΓ) is the prequantization of the s.s.. sympleti groupoid Γs(P )
of P . Here Z ats as a subgroup of R by the ow of the Reeb vetor eld EˆΓ.
Consider the ation on J−1Γ (0)/S
1
by its Reeb vetor eld EˆΓ, whih by the ontat redution
proedure is the projetion of the Reeb vetor eld EΓ of Γc(Q) under J
−1
Γ (0)→ J
−1
Γ (0)/S
1
.
The t-image of a vΓ orbit is an orbit of the S
1
ation on Q, sine the target map is S1
equivariant. Hene eah vΓ orbit meets eah t-ber at most one. Further eah EΓ-orbit
is ontained in a single t-ber (sine t∗EΓ = 0), so an EΓ orbit meets any orbit of the S
1
ation on Γc(Q) at most one. Therefore the period of an EΓ orbit and of the orresponding
E¯Γ orbit are equal, and the rst period is always an integer number (beause s∗EΓ = EQ,
the generator of the irle ation on Q).
Now the we know that the periods of E¯Γ are integers, we an just apply Theorems 2 and
3 of [8℄ to prove our laim. 
4.2. Path spae onstrutions and the general Dira ase. In this subsetion we gen-
eralize Thm. 4.2 allowing P to be a general Dira manifold, using the expliit desription
of Lie groupoids as quotients of path spaes as a powerful tool. The generalization will be
presented in Thm. 4.9 and Thm. 4.11.
Denition 4.3. Let π : A→M be a Lie algebroid with anhor ρ. The A-path spae Pa(A)
onsists of all paths a : [0, 1] → A satisfying d
dt
(π ◦ a)(t) = ρ(a(t)).
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There is an equivalene relation in PaA, alled A-homotopy [7℄.
Denition 4.4. Let a(t, s) be a family of A-paths whih is C2 in s. Assume that the base
paths γ(t, s) := π ◦ a(t, s) have xed end points. For a onnetion ∇ on A, onsider the
equation
(16) ∂tb− ∂sa = T∇(a, b), b(0, s) = 0.
Here T∇ is the torsion of the onnetion dened by T∇(α, β) = ∇ρ(β)α−∇ρ(α)β+[α, β]. Two
paths a0 = a(0, ·) and a1 = a(1, ·) are homotopi if the solution b(t, s) satises b(1, s) = 0.
More geometrially, for every Lie algebroid A, (notie that tangent bundles are Lie alge-
broids), we assoiate A a simpliial set S(A) = [...S2(A)⇛ S1(A)⇒ S0(A)] with,
(17) Si(A) = homalgd(T∆
i, A) := {Lie algebroid morphisms T∆i
f
→ A},
and fae and degeneray maps dni : Sn(A) → Sn−1(A) and s
n
i : Sn(A) → Sn+1(A) indued
from the natual fae and degeneray maps ∆n → ∆n−1 and ∆n → ∆n+1. Here ∆i is the
i-dimensional standard simplex viewed as a smooth Riemannian manifold with boundary,
hene it is isomorphi to the i-dimensional losed ball. Then as explained in [28, Setion 2℄,
• it is easy to hek that S0 = M ;
• S1 is exatly the A-path spae PaA;
• bigons in S2 are exatly theA-homotopies in PaA sine a bigon f : T (d
2
2)
−1(Ts10(T∆
0))→
A an be written as a(t, s)dt + b(t, s)ds over the base map γ(t, s) after a suitable
hoie of parametrization
6
of the disk (d22)
−1(s10(∆
0)). Then we naturally have
b(0, s) = f(0, s)( ∂
∂s
) = 0 and b(1, s) = f(1, s)( ∂
∂s
) = 0. Moreover the morphism is a
Lie algebroid morphism if and only if a(t, s) and b(t, s) satisfy equation (16) whih
denes the A-homotopy.
The s.s.. groupoid of any integrable Lie algebroid A an be onstruted as the quotient
of the A-path spae by a foliation F , whose leaves onsists of the A-paths that are A-
homotopi to eah other [7℄. In partiular the preontat groupoid (Γc(Q), θ, f) of a Jaobi-
Dira manifold Q an be onstruted via the A-path spae Pa(L¯), with θ and f oming
from a orresponding 1-form and funtion on the path spae. We refer to [8℄ [6℄ [17℄ and
summarize the results in Thm. 4.5 below. The advantage of this method is that it an be
used to generalize Theorem 4.2 to the setting of Dira manifolds (see Theorems 4.9 and
4.11) and that it an be applied to a general group G ation as in [10℄.
Theorem 4.5. The s.s.. preontat groupoid (Γc(Q), θΓ, fΓ) of an integrable Jaobi-Dira
manifold (Q, L¯) is the quotient spae of the A-path spae Pa(L¯) by A-homotopies, and θΓ
and fΓ ome from a 1-form θ˜ and a funtion f˜ on Pa(L¯). At the point a = (a4, a3, a1, a0) ∈
Pa(L¯), where (a4, a3, a1, a0) are omponents in TQ⊕ R⊕ T
∗Q⊕ R, θ˜ and f˜ are
θ˜a(X) =−
∫ 1
0
〈
e(t)X(t), d
(∫ 1
0
a0(t)dt
)〉
dt+
∫ 1
0
〈e(t)X(t), pr∗θc〉 dt,
f˜(a) =e(1), with e(t) := e
R t
0
−a3
(18)
where X is a tangent vetor to Pa(L¯), hene a path itself (parameterized by t), and pr
∗θc is
the pull-bak via pr : L¯→ T ∗Q of the anonial 1-form on T ∗Q.
6
We need the one with γ(0, s) = x and γ(1, s) = y for all s ∈ [0, 1].
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Proof. The equation for f˜ is taken from Prop. 3.5(i) of [8℄. It is shown there that f˜ desends
to the funtion fΓ on Γc(Q). To get the formula for θ˜, we reall from Setion 3.4 of [8℄ that
the following map φ is an isomorphism preserving A-homotopies:
φ : Pa(L¯)× R→ Pa(L¯×ψ R),
mapping (a, s) with base path γ1 to a˜ := e
γ0(t)a with base path (γ1, γ0), where γ0 := s−
∫ t
0 a3.
Here ψ is the 1-oyle on L¯ given by (X, f) ⊕ (ξ, g) 7→ f ; L¯ ×ψ R is the Lie algebroid on
Q × R obtained from the Lie algebroid L¯ and the 1-oyle ψ, and it is isomorphi to the
Lie algebroid given by the Dira struture on Q × R obtained from the Diraization of
(Q, L¯) (see Setion 2.3 in [17℄).
The orrespondene on the level of tangent spaes given by Tφ maps (δγ1, δs, δa) to
(δγ1, δγ0, δa˜) and satises
δγ0 = δs−
∫ t
0
a3,
δa˜1 = e
γ0(δa1 + (δs −
∫ t
0
δa3)a1),
δa˜0 = e
γ0(δa0 + (δs −
∫ t
0
δa3)a0).
We identify L¯×ψ R with the Dira struture on Q×R given by the Diraization of (Q, L¯).
Then on the whole spae P (L¯×ψR) of paths in L¯×ψR there is a sympleti form ω oming
from integrating the pull-bak of the anonial sympleti form on T ∗(Q× R) (see Setion
5 in [3℄). This form restrited to the A-path spae Pa(L¯ ×ψ R) is homogeneous w.r.t. the
R omponent, i.e. ϕsω = e
sω, where ϕs is the ow of
∂
∂s
with s the oordinate of R. This
is beause ϕs ats on vetor elds δa˜1 and δa˜0 by resaling by an e
s
fator as the formula
of Tφ and γ0 show. This homogeneity survives the quotient to groupoids as shown in [8℄.
Therefore θΓ omes from the 1-form θ˜ whose assoiated homogeneous sympleti form is ω,
i.e. θ˜ = −i∗0i(
∂
∂s
)ω. With a straightforward alulation and the formula of Tφ, we have the
formula for θ˜ in (18). 
Remark 4.6. The formula for θ˜ is a generalization of Theorem 4.2 in [6℄ in the ase L¯ that
omes from a Dira struture. To get the formula of the 1-form there up to sign
7
, one just
has to put e(t) = 1 whih orresponds to the ase that a3 = 0.
In Lemma 2.9 we onstruted a Lie algebroid struture on π∗A, the pull bak via π : Q→
P of any Lie algebroid A on P , provided there is a at A-onnetion D˜ on the vetor bundle
K orresponding to the prinipal bundle Q. (π∗A turned out to be the transformation
algebroid w.r.t. the ation by the at onnetion). Now we show some funtorial property
of algebroid paths in π∗A. Later in this setion we will apply them to A = Lc, for π∗Lc
is identied with a Lie subalgebroid of L¯ (Thm. 2.11), whose integrating groupoid we an
desribe in term of A-paths (Thm. 4.5).
7
In [6℄ 1-forms on ontat groupoids are so that the target map is a Jaobi map, whereas here we adopt
the onvention (as in [27℄) that the soure map be Jaobi.
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Lemma 4.7. An A-path a in A an be lifted to an A-path in π∗A. The same is true for
A-homotopies. In other words, in the following diagram (for n = 1, 2),
T∆n
))R
RR
RR
RR
RR
RR
RR
RR
RR

f
##G
GG
GG
GG
GG
∆n
f0
##G
GG
GG
GG
GG
((R
RR
RR
RR
RR
RR
RR
RR
RR π
∗A //

A

Q
π
// P
any Lie algebroid morphism f : T∆n → A lifts to a Lie algebroid morphism from T∆n to
π∗A.
Proof. Let γ be the base path of an A-path a, and let γ˜ be the parallel translation along a
of some γ˜(0) ∈ π−1(γ(0)) as in the proof of Lemma 2.9. Denoting by π∗a the lift of a to
π∗A with base path γ˜, we have ρ(π∗a) = hQ(a(γ(t)), γ˜(t)) = d/dt(γ˜), with ρ the anhor of
π∗A (see equation (6)). That is, π∗a is an A-path in π∗A over γ˜. The lifting of a is not
unique. In fat it is determined by the hoie of a point in π−1(γ(0)) as initial value.
Now we prove the same statement for A-homotopies. Suppose a(ǫ, t) is an A-homotopy
over γ(ǫ, t), i.e. there exist A-paths (w.r.t. parameter ǫ) b(ǫ, t) also over γ satisfying
(19) ∂tb− ∂ǫa = ∇ρ(b)a−∇ρ(a)b+ [a, b],
and the boundary ondition b(ǫ, 0) = b(ǫ, 1) = 0, for any hoie of onnetion ∇ on TP .
As above, we an lift γ to γ˜(ǫ, t). In fat, one we hoose γ˜(0, 0), we an use γ˜(0, 0) to
obtain the lift γ˜(ǫ, 0) and then γ˜(ǫ, t). (The lift does not depend on whether we lift γ(ǫ, 0)
or γ(0, t) rst, beause the onnetion D˜ is at). Then π∗a and π∗b are A-paths over γ˜
w.r.t. parameters t and ǫ respetively. Moreover, we hoose a onnetion ∇˜ on Q indued
from the onnetion ∇ on P suh that ∇˜XHY
H = (∇XY )
H
, ∇˜XHE = 0, ∇˜EY
H = 0
and ∇˜EE = 0, where the supersript H denotes the horizontal lift with respet to some
onnetion we x on the irle bundle π : Q→ P . (Sine E(π∗f) = 0 and XH(π∗f) = X(f)
these requirements are onsistent. In fat, the onnetion ∇˜ on TQ = π∗TP ⊕ RE is just
the sum of the pullbak onnetion on π∗TP and of the trivial onnetion). Now we will
prove that π∗a and π∗b satisfy (19) w.r.t. ∇˜. Notie that 〈π∗η, ∇˜EX〉 = 0 for all vetor
elds X, so we have
∇˜Eπ
∗η = 0, ∇˜( ∂
∂ǫ
γ)Hπ
∗η = π∗(∇ ∂
∂ǫ
γ
η).
Therefore ∇˜ ∂
∂ǫ
γ˜
π∗η = π∗(∇ ∂
∂ǫ
γ
η). So ∂ǫπ
∗a = π∗(∂ǫa). The same is true for π
∗b. Moreover,
sine ρ(π∗a) = (ρ(a))H + 〈β˜, a〉E (upon writing D˜ as in equation (5) and denoting by H
the horizontal lift w.r.t. ker σ), similarly we have ∇˜ρ(π∗a)π
∗b = π∗(∇ρ(a)b) as well as the
analog term obtained swithing a and b. By the denition of Lie braket on π∗A, we also
have [π∗a, π∗b] = π∗([a, b]). Therefore a, b satisfying (19) implies that the same equation
holds for π∗a and π∗b. The boundary ondition π∗b(ǫ, 0) = π∗b(ǫ, 1) = 0 is obvious. Hene,
π∗a is an A-homotopy in π∗A. 
Remark 4.8. We laim that all the A-paths and A-homotopies in π∗A are of the form π∗a.
Indeed onsider a π∗A path aˆ over a base path γˆ, i.e. ρ(aˆ(t)) = d
dt
γˆ(t). Let γ := π ◦ γˆ and
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let a(t) be equal to aˆ(t), seen as an element of Aγ(t). The ommutativity of
π∗A
hQ=ρ
−−−−→ TQy π∗
y
A
ρA
−−−−→ TP
implies that a is an A-path over γ. Further, the horizontal lift of a starting at γˆ(0) satises
by denition
d
dt
γ˜(t) = hQ(a(γ(t)), γ˜(t)), so it oinides with γˆ. The same holds for A-
homotopies.
The next theorem generalizes Thm. 4.2a).
Theorem 4.9. Let (P,L) be an integrable prequantizable Dira manifold and (Q, L¯) one
of its prequantization. We use the notation [·]A to denote A-homotopy lasses in the Lie
algebroid A. Then we have the following results:
(1) there is an S1 ation on the preontat groupoid Γc(Q) with moment map JΓ = 1−fΓ;
(2) J−1Γ (0) is a soure onneted and simply onneted subgroupoid of Γc(Q) and is
isomorphi to the ation groupoid Γc(P )⋉Q⇒ Q.
(3) In terms of path spaes,
J−1Γ (0) = {[π
∗a]L¯} = {[π
∗a]L¯0},
where a is an A-path in Lc and π∗a is dened as in Lemma 4.7 (we identify π∗Lc
with L¯0 ⊂ L¯ as in Thm. 2.11). Hene the Lie algebroid of J
−1
Γ (0) is L¯0 = J
−1(0)
(see Prop. 3.4).
(4) the preontat redution Γc(Q)//0S
1
is isomorphi to the s.s.. ontat groupoid
Γc(P ) via the inverse of the following map
p : [a]Lc 7→ [π
∗a]L¯,S1 ,
where [·]L¯,S1 denotes S
1
equivalene lasses of [·]L¯.
Remark 4.10. The isomorphism p gives the same ontat groupoid struture on Γc(Q)//0S
1
as in Theorem 4.2 in the ase when P is Poisson.
Proof. 1) The denition of the S1 ation is the same as in Theorem 4.2. JΓ is dened by
JΓ(g) = θΓ(vΓ(g)), where vΓ is indued by the S
1
ation on Q hene on L¯. More expliitly,
T (Pa(L¯)) is a subspae of the spae of paths in T L¯. If we take a onnetion ∇ on Q, then
T L¯ deomposes as TQ⊕ L¯. At (a4, a3, a1, a0) ∈ Pa(L¯) the innitesimal S
1
ation v˜ on the
path spae is v˜ = (E(γ(t)), ∗, ∗, ∗, 0). So
JΓ([a]) = θ˜a(v˜) =
∫ 1
0
(〈a1(t), E〉e
−
R t
0
〈a1,E〉dt)dt = −
∫ 1
0
d(e−
R t
0
〈a1,E〉dt) = 1− fΓ.
2) By 1) J−1Γ (0) = f
−1
Γ (1). Sine fΓ is multipliative, it is lear that f
−1
Γ (1) is a
subgroupoid. Moreover using Thm. 4.5 we see that f−1Γ (1) is made up by paths a =
(a4, a3, a1, a0) suh that
(20)
∫ 1
0
〈a1(t), E〉dt = 0.
Notie that this are not exatly the same as A-paths in L¯0, whih are the A-paths suh that
〈a1(t), E〉 ≡ 0 for all t ∈ [0, 1] (see Thm. 2.11).
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Now we show that J−1Γ (0) is soure onneted. Take g ∈ s
−1(x), and hoose an A-path
a(t) representing g over a base path γ(t) : I → Q. We will onnet g to x within J−1Γ (0) ∩
s
−1(x) in two steps: rst we deform g to some other point h whih an be represented by
an A-path in L¯0; then we linearly shrink h to x.
Suppose the vetor bundle L¯ is trivial on a neighborhood U of the image of γ in Q.
Choose a frame Y0, . . . , YdimQ for L¯|U , with the property that Y0 = (−A
H , 1)⊕ (σ−π∗α, 0)
(with σ, A and α as in Thm. 2.4) and that all other Yi satisfy 〈a1, E〉 = 0. In this frame,
a(t) =
∑dimQ
i=0 pi(t)Yi|γ(t) for some time-dependent oeients pi(t). Dene the following
setion of L¯|U : Yt,ǫ = (1 − ǫ)p0(t)Y0 +
∑dimQ
i=1 pi(t)Yi. Dene a deformation γ(ǫ, t) of γ(t)
by
d
dt
γ(ǫ, t) = ρ(Yt,ǫ), γ(ǫ, 0) = x,
where ρ is the anhor of L¯ (one might have to extend U to make γ(ǫ, t) ∈ U for t ∈ [0, 1]).
Let a(ǫ, t) := Yt,ǫ|γ(ǫ,t). For eah ǫ it is an A-path by onstrution, and a(0, t) = a(t). Using
g ∈ J−1Γ (0) (so that
∫
I
p0(t)dt = 0) we have
∫ 1
0
〈a1(ǫ, t), E〉dt =
∫ 1
0
〈(1−ǫ)p0(t)Y0+
dimQ∑
i=1
pi(t)Yi, (E, 0, 0, 0)〉−dt = (1−ǫ)
∫
I
p0(t)dt = 0,
so [a(ǫ, ·)] lies in J−1Γ (0). Notie that a(1, t) satises 〈a1(1, t), E〉 ≡ 0 for all t; hene an A-
path in L¯0. We denote h := [a(1, t)] and dene a ontinuous map pr : Pa(L¯|U )→ Pa(L¯0|U )
by a(t) 7→ a(1, t).
Then we an shrink linearly a(1, t) to the zero path, via aδ(1, t) := δa(1, δt) whih is
an A-path over γ(1, δt). Taking equivalene lasses we obtain a path from h to x, whih
moreover lies in J−1Γ (0) beause 〈a1(1, t), E〉 ≡ 0.
Now we show that J−1Γ (0) is soure simply onneted. If there is a loop g(s) = [a(1, s, t)]
in a soure bre of J−1Γ (0), then g(s) an shrink to x := s(g(s)) inside the big (s.s..!)
groupoid Γc(Q) via g(ǫ, s) = [a(ǫ, s, t)]. We an assume a(ǫ, s, t) = sa(ǫ, 1, st). This is easy
to realize sine we an simply take a(ǫ, s, t) = g(ǫ, st)−1d/dt(g(ǫ, st)). Then the a(i, 1, ·)'s
are A-paths in L¯0 for i = 0, 1. This is beause both g(s) and x are paths in J
−1
Γ (0) whih
implies
∫ 1
0 sa(i, 1, st) = 0 for all s ∈ [0, 1]. Moreover the base paths γ(ǫ, s, t) form an
embedded disk (one an assume that the deformation g(ǫ, s) has no self-intersetions) in Q.
So we an take a simply onneted open set (for example a tubular neighborhood of this
disk) U ⊂ Q ontaining γ(ǫ, s, t). Then L|U is trivial. Therefore there is a ontinuous map
pr suh that a¯(ǫ, 1, ·) = pr(a(ǫ, 1, ·)) is an A-path in L¯0 and a¯(1, 1, ·) = a(1, 1, ·). Then we
an shrink g(s) = g¯(1, s) to x = g¯(0, s) via
g¯(ǫ, s) := [sa¯(ǫ, 1, st)],
whih is inside of J−1Γ (0) sine 〈a¯1(ǫ, 1, t), E〉 ≡ 0.
3) To show that J−1Γ (0) = {[π
∗a]L¯}, we just have to show that an A-path in L¯ satisfying
(20) is A-homotopi (equivalent) to an A-path lying ontained in L¯0. Sine J
−1
Γ (0) has
onneted soure bres, given a point g = [a] in J−1Γ (0), there is a path g(t) onneting g
to s(g) lying in J−1Γ (0). Dierentiating g(t) we get an A-path b(t) = g(t)
−1g˙(t) whih is A-
homotopi to a and sb(st) represents the point g(st) ∈ J−1(0). Therefore
∫ 1
0 〈sb1(st), E〉dt =
0, for all s ∈ [0, 1]. Hene 〈b1(t), E〉 ≡ 0 for all t ∈ [0, 1], i.e. b is a path in L¯0.
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To further show that J−1Γ (0) = {[π
∗a]L¯0}, we only have to show that if two A-paths in
L¯0 are A-homotopi in L¯ then they are also A-homotopi in L¯0. Let a(1, ·) and a(0, ·) be
two A-paths in L¯0, A-homotopi in L¯ and representing an element g ∈ J
−1
Γ (0). Integrate
sa(i, st) to get g(i, t) for i = 0, 1. Namely we have sa(i, st) = g(i, s)−1 d
dt
|t=sg(i, t). Then
g(i, t) are two paths onneting g and x := s(g) lying in the subgroupoid J−1Γ (0) sine a(i, t)
are paths in L¯0. Sine the soure bre of J
−1
Γ (0) is simply onneted, there is a homotopy
g(ǫ, t) ∈ J−1Γ (0) linking g(0, t) and g(1, t). So sa(ǫ, st) := g(ǫ, s)
−1 d
dt
|t=sg(ǫ, t) is an A-path
in the variable t representing the element g(ǫ, s) ∈ J−1Γ (0) for every xed s. Hene sa(ǫ, st)
satises (20) for every s ∈ [0, 1]. Therefore 〈a1(ǫ, t), E〉 ≡ 0. Then a(ǫ, t) ⊂ L¯0 is an
A-homotopy between a(0, t) and a(1, t).
Therefore J−1Γ (0) is the s.s.. Lie groupoid integrating J
−1(0) = L¯0.
4) First of all, given an A-path a of Lc over the base path γ and a point γ˜(0) over γ(0) in
Q, we lift it to an A-path π∗a of L¯ as desribed in Lemma 4.7. By the same lemma, we see
that (Lc) A-homotopi A-paths in Lc lift to (L¯0) A-homotopi A-paths in π
∗Lc ∼= L¯0 ⊂ L¯,
so the map p is well dened Dierent hoies of γ˜(0) give exatly the S1 orbit of (some hoie
of) [π∗a]L¯. Surjetivity of the map p follows from the statement about A-paths in Remark
4.8. Injetivity follows from the fat that {[π∗a]L¯} = {[π
∗a]L¯0} in 3) and the statement
about A-homotopies in Remark 4.8. 
We saw in Subsetion 3.2 that, given any integrable Dira manifold (P,L), there are
two groupoids attahed to it. One is the presympleti groupoid Γs(P ) integrating L;
the other is the preontat groupoid Γc(P ) integrating L
c
. In the non-integrable ase,
these two groupoids still exist as staky groupoids arrying the same geometri strutures
(presympleti and preontat) [19℄. In this paper, to simplify the treatment, we view them
as topologial groupoids arrying the same name and when the topologial groupoids are
smooth manifolds they have additional presympleti and preontat strutures. Item (4) of
the following theorem generalizes Thm. 4.2b). The other items generalize from the Poisson
ase to the Dira ase Theorem 2 and 3 in [8℄ and a result in [2℄.
Theorem 4.11. For a Dira manifold (P,L), there is a short exat sequene of topologial
groupoids
1→ G → Γc(P )
τ
→ Γs(P )→ 1,
where G is the quotient of the trivial groupoid R×P by a group bundle P over P dened by
Px :={
∫
[γ]
ωF : [γ] ∈ π2(F, x) and γ is the base of an
A-homotopy between paths representing 1x in L.},
with F the presympleti leaf passing through x ∈ P and ωF the presympleti form on F .
In the ase that (P,L) is integrable as a Dira manifold, then
(1) the presympleti form Ω on Γs(P ) is related to the preontat form θ on Γc(P ) by
τ∗dθ = Ω,
and the innitesimal ation R of R on Γc(P ) via R× P → G satises
LRθ = 0, i(R)θ = 1.
(2) R is the left invariant vetor eld extending the setion (0, 0)⊕(0,−1) of Lc ⊂ E1(P )
as in Cor. A.2;
(3) the group Px is generated by the periods of R;
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(4) Γs(P ) is prequantizable i P ⊂ P × Z; in this ase its prequantization is Γc(P )/Z,
where Z ats on Γc(P ) as a subgroup of R.
(5) If P is prequantizable as a Dira manifold, then Γs(P ) is prequantizable.
Proof. The proof of (1) and (4) is the same as Setion 4 of [8℄. One only has to replae the
Poisson bivetor π by Υ and the leaf-wise sympleti form of π by ωF . (3) is lear sine R
generates the R ation and G = R/P.
For (2), we identify (0, 0) ⊕ (0,−1) with a setion of ker t∗ using Lemma A.1 and then
extend it to a left invariant vetor eld on J−1(0)/S1. Using Cor. A.2 we see that the
resulting vetor eld is killed by s∗, t∗ and dθΓ and that it pairs to 1 with θΓ, so by the
non-degeneray ondition in Def. 3.7 it must be equal to R.
For (5), if P is prequantizable as a Dira manifold, then Υ = ρ∗Ω+dLβ for some integral
form Ω on P and β ∈ Γ(L∗). Suppose f = adǫ+ bdt is a Lie algebroid homomorphism from
the tangent bundle T of a square [0, 1] × [0, 1] to L over the base map γ :  → P , i.e.
a(ǫ, t) is an A-homotopy over γ via b(ǫ, t) as in (19). Denoting by ωF the presympleti
form of the leaf F in whih γ() lies, we have (see also Set. 3.3 of [2℄),∫
γ
ωF =
∫

ωF (
∂γ
∂t
,
∂γ
∂ǫ
) =
∫

〈adǫ, bdt〉− =
∫

f∗Υ
=
∫

f∗(ρ∗Ω+ dLβ) =
∫

f∗(ρ∗Ω) =
∫

γ∗ω =
∫
γ
ω ∈ Z
where we used Υ = ρ∗ωF in the seond equation and f
∗dLβ = ddR(f
∗β) in the fth. 
4.3. Two examples. We present two expliit examples for Thm. 4.2, 4.9 and 4.11.
The rst one generalizes Example 4.1.
Example 4.12. Let (P, ω) be an integral sympleti manifold (non neessarily simply on-
neted), and (Q, θ) a prequantization. The s.s.. ontat groupoid of (Q, θ) is (Q¯ ×π1(Q)
Q¯ × R,−e−sθ1 + θ2, e
−s) where Q¯ denotes the universal over of Q. As in Example
4.1 the moment map is given by JΓ = −e
−s + 1 and the redued manifold at zero is
((Q¯ ×π1(Q) Q¯)/S
1, [−θ1 + θ2]), where π1(Q) ats diagonally and the diagonal S
1
ation is
realized by following the Reeb vetor eld on Q¯.
Notie that the Reeb vetor eld of (Q¯×π1(Q) Q¯)/S
1
is the Reeb vetor eld of the seond
opy of Q¯. Dividing Q¯ by Z ⊂ (Flow of Reeb v.f.) is the same as dividing by the π1(Q˜)
ation on Q¯, where Q˜ is the pullbak of Q → P via the universal overing P˜ → P . To see
this use that π1(Q˜) is generated by any of its Reeb orbits (look at the long exat sequene
orresponding to S1 → Q˜→ P˜ ), and that the Reeb vetor eld of Q¯ is obtained lifting the
one on Q˜. Also notie that π1(Q˜) embeds into π1(Q) (as the subgroup generated by the
Reeb orbits of Q) and that the quotient by the embedded image is isomorphi to π1(P ), by
the long exat sequene for S1 → Q→ P . So the quotient of (Q¯×π1(Q) Q¯)/S
1
by the π1(Q˜)
ation on the seond fator is (Q˜×π1(P ) Q˜)/S
1
where we used Q¯/π1(Q˜) = Q˜ on eah fator.
This groupoid, together with the indued 1-form [−θ1 + θ2], is learly the prequantization
of the s.s.. sympleti groupoid (P˜ ×π1(P ) P˜ ,−ω1 + ω2) of (P, ω).
In the seond example we onsider a Lie algebra g. Its dual g
∗
is endowed with a linear
Poisson struture Λ, alled Lie-Poisson struture, and the Euler vetor eld A satises Λ =
−dΛA where dΛ is the Poisson ohomology dierential. So the prequantization ondition (3)
for (g∗,Λ) is satised, with Ω = 0 and β = A. We display the ontat groupoid integrating
the indued prequantization (Q, L¯) for the simple ase that g be one dimensional; then
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we show that (a disrete quotient of) the S1 ontat redution of this groupoid is the
prequantization of the sympleti groupoid of g
∗
.
Example 4.13. Let g = R be the one-dimensional Lie algebra. We laim that the prequan-
tization Q = S1 × g∗ of g∗ as above has as a s.s.. ontat groupoid Γc(Q) the quotient
of
(21) (R5, xdǫ− etdθ1 + dθ2, e
t)
by the diagonal Z ation on the variables (θ1, θ2). Here the oordinates on the ve fators of
R
5
are (θ1, t, ǫ, θ2, x). The groupoid struture is the produt of the following three groupoids:
R × R = {(θ1, θ2)} the pair groupoid; R × R = {(t, x)} the ation groupoid given by the
ow of the vetor eld −x∂x on R, i.e. (t
′, e−tx) · (t, x) = (t′+ t, x); and R = {ǫ} the group.
To see this, rst determine the prequantization of (g∗,Λ): it is Q = S1 × R with Jaobi
struture (E ∧ x∂x, E), where E = ∂θ is the innitesimal generator of the irle ation and
x∂x is just the Euler vetor eld on g
∗
(see [4℄). This Jaobi manifold has two open leaves,
and we rst fous on one of them, say Q+ = S
1×R+. This is a loally onformal sympleti
leaf, with struture (dθ ∧ dx
x
, dx
x
).
We determine the s.s. ontat groupoid Γc(Q+) of (Q+, dθ ∧
dx
x
, dx
x
) applying Lemma
B.1 (hoosing g˜ = log x, so that e−g˜Ω˜ = d(x−1dθ) there). We obtain the quotient of
(Q˜+ × R× Q˜+, x2dǫ−
x2
x1
dθ1 + dθ2,
x2
x1
)
by the diagonal Z ation on the variables (θ1, θ2). Here (θi, xi) are the oordinates on the
two opies of the universal over Q˜+ ∼= R × R+ and ǫ is the oordinate on the R fator.
The groupoid struture is given by the produt of the pair groupoid over Q˜+ and group R.
This ontat groupoid, and the one belonging to Q− = S
1 × R−, will sit as open ontat
subgroupoids in the ontat groupoid ofQ, and the question is how to omplete the disjoint
union of Γc(Q+) and Γc(Q−) to obtain the ontat groupoid of Q. A lue omes from the
simplest ase of groupoid with two open orbits and a losed one to separate them, namely
the transformation groupoid of a vetor eld on R with exatly one zero. The transformation
groupoid assoiated to −x∂x is R × R = {(t, x)} with soure given by x, target given by
e−tx and multipliation (t′, e−tx) · (t, x) = (t′ + t, x). Notie that, on eah of the two open
orbits R+ and R− the groupoid is isomorphi to a pair groupoid by the orrespondene
(t, x) ∈ R× R± 7→ (e
−tx, x) ∈ R± × R±, with inverse (x1, x2) 7→ (log(
x2
x1
), x2).
Now we embed Γc(Q+) into the groupoid Γc(Q) desribed in (21) by the mapping
(θ1, x1, ǫ, θ2, x2) 7→
(
θ1, t = log(
x2
x1
), ǫ, θ2, x = x2
)
,
and similarly for Γc(Q−). The ontat forms and funtion translate to those indiated in
(21), whih as a onsequene also satisfy the multipliativity ondition. One heks diretly
that the one form is a ontat form also on the omplement {x = 0} of the two open
subgroupoids. Therefore the one desribed in (21) is a ontat groupoid, and sine we know
that the soure map is a Jaobi map on the open dense set sitting over Q+ and Q−, it is
the ontat groupoid of (Q,E ∧ x∂x, E).
Now we onsider the S1 ontat redution of the above s.s.. groupoid Γc(Q). As shown
in the proof of Theorem 4.2 the moment map is JΓ = 1 − fΓ = 1 − e
t
, so its zero level
set is {t = 0}. The denition of moment map and the fat that the innitesimal generator
vΓ of the S
1
ation projets to E both via soure and via target imply that on {t = 0}
we have vΓ = (∂θ1 , 0, 0, ∂θ2 , 0). So J
−1(0)/S1 is R3 with oordinates (θ := θ2 − θ1, ǫ, x),
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1-form dθ + xdǫ, soure and target both given by x and groupoid multipliation given by
addition in the θ and ǫ fators. Upon division of the θ fator by Z (notie that the Reeb
vetor eld of Γc(Q) is ∂θ2) this is learly just the prequantization of T
∗
R, endowed with
the anonial sympleti form dx∧dǫ and ber addition as groupoid multipliation, i.e. the
prequantization of the sympleti groupoid of the Poisson manifold (R, 0).
Appendix A. Lie algebroids of preontat groupoids
Lemma A.1. Let (Γ, θΓ, fΓ) be a preontat groupoid (as in Denition 3.7) over the Jaobi-
Dira manifold (Q, L¯), so that the soure map be a Jaobi-Dira map. Then a Lie algebroid
isomorphism between ker s∗|Q and L¯ is given by
Y 7→ (t∗Y,−rΓ∗Y )⊕ (−dθΓ(Y )|TQ, θΓ(Y ))(22)
where e−rΓ = fΓ. A Lie algebroid isomorphism between ker t∗|Q and L¯ (obtained omposing
the above with i∗ for i the inversion) is
Y 7→ (s∗Y, rΓ∗Y )⊕ (dθΓ(Y )|TQ,−θΓ(Y ))(23)
Proof. Consider the groupoid Γ×R over Q×R with target map t˜(g, t) = (t(g), t−rΓ(g)) and
the obvious soure s˜ and multipliation. (Γ× R, d(etθΓ)) is then a presympleti groupoid
with the property that s˜ is a forward Dira map onto (Q× R, L˜), where
L˜(q,t) = {(X, f)⊕ e
t(ξ, g) : (X, f)⊕ (ξ, g) ∈ Lq}
is the Diraization ([25℄[17℄) of the Jaobi-Dira struture L¯ and t is the oordinate on R.
In the speial ase that L¯ orresponds to a Jaobi struture this is just Prop. 2.7 of [8℄; in
the general ase (but assuming dierent onventions for the multipliativity of θΓ and for
whih of soure and target is a Jaobi-Dira map) this is Prop. 3.3 in [17℄. We will prove
only the rst isomorphism above (the one for ker s∗|Q); the other one follows by omposing
the rst isomorphism with i∗. Now we onsider the following diagram of spaes of setions
(on the left olumn we have setions over Q, on the right olumn setions over Q× R):
Γ(ker s∗|Q)
Φs−−−−→ Γ(ker s˜∗|Q×R)y Φy
Γ(L¯)
ΦL−−−−→ L˜.
The rst horizontal arrow Φs is Y 7→ Y˜ , where the latter denotes the onstant extension of
Y along the R diretion of the base Q × R. Notie that the projetion pr : Γ × R → Γ is
a groupoid morphism, so it indues a surjetive Lie algebroid morphism pr∗ : ker s˜∗|Q×R →
ker s∗|Q. Sine setions Y˜ as above are projetable, by Prop. 4.3.8. in [15℄ we have
pr∗[Y˜1, Y˜2] = [Y1, Y2], and sine pr∗ is a berwise isomorphism we dedue that Φs is a
braket-preserving map.
The vertial arrow Φ is indued from the following isomorphism of Lie algebroids (Cor.
4.8 iii of [3℄
8
) valid for any presympleti manifold (Γ˜,Ω) over a Dira manifold (N, L˜) for
whih the soure map is Dira:
ker s˜∗|N → L˜ , Z 7→ (t˜∗Z,−Ω(Z)|TN ).
In our ase, as mentioned above, the presympleti form is d(etθΓ).
8
In [3℄ the authors adopted the onvention that the target map be a Dira map. Here we use their result
applied to the pre-sympleti form −Ω.
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The seond horizontal arrow ΦL is the natural map
(X, f)⊕ (ξ, g) ∈ Lq 7→ (X, f)⊕ e
t(ξ, g) ∈ L¯(q,t)
whih preserves the Lie algebroid braket (see the remarks after Denition 3.2 of [25℄).
One an hek that (Φ ◦ Φs)(Y ) = (t˜∗Y˜ ) ⊕ (−d(e
tθΓ)(Y˜ )|TQ×R) lies in the image of
the injetive map ΦL. The resulting map from Γ(ker s∗) to Γ(L¯) is given by (22) and the
arguments above show that this map preserves brakets. Further it is lear that this map of
setions is indued by a vetor bundle morphism given by the same formula, whih learly
preserves not only the braket of setions but also the anhor, so that the map ker s∗|Q → L¯
given by (22) is a Lie algebroid morphism.
To show that it is an isomorphism one an argue notiing that ker s∗ and L¯ have the same
dimension and show that the vetor bundle map is injetive, by using the non-degeneray
ondition in Def. 3.7 and the fat that the soure and target bers of Γ × R are pre-
sympleti orthogonal to eah other. 
The vetor bundle morphisms in the above lemma give a haraterization of vetors
tangent to the s or t bers of a preontat groupoid as follows. Consider for instane a
vetor λ in L¯x, where L¯ is the Jaobi-Dira struture on the base Q. This vetor orresponds
to some Yx ∈ ker t∗ by the isomorphism (23), and by left translation we obtain a vetor
eld Y tangent to t−1(x). Of ourse, every vetor tangent to t−1(x) arises in this way for
a unique λ. The vetor eld Y satises the following equations at every point g of t−1(x),
whih follow by simple omputation from the multipliativity of θΓ: θΓ(Yg) = θΓ(Yx),
dθΓ(Yg, Z) = dθΓ(Yx, s∗Z)− rΓ∗Yx · θΓ(Z) for all Z ∈ TgΓ, rΓ∗Yg = rΓ∗Yx and s∗Yg = s∗Yx.
Notie that the right hand sides of this properties an be expressed in terms of the four
omponents of λ ∈ E1(Q), and that by the non-degeneray of θΓ these properties are
enough to uniquely determine Yg. We sum up this disussion into the following orollary,
whih an be used as a tool in omputations on preontat groupoids in the same way that
hamiltonian vetor elds are used on ontat or sympleti groupoids (suh as the proof of
Thm. 4.2):
Corollary A.2. Let (Γ, θΓ, fΓ) be a preontat groupoid (as in Denition 3.7) and denote by
L¯ the Jaobi-Dira struture on the base Q so that soure map is Jaobi-Dira. Then there
is bijetion between setions of L¯ and vetor elds on Γ whih are tangent to the t-bers and
are left invariant. To a setion (X, f) ⊕ (ξ, g) of L¯ ⊂ E1(Q) orresponds the unique vetor
eld Y tangent to the t-bers whih satises
• θΓ(Y ) = −g
• dθΓ(Y ) = s
∗ξ − fθΓ
• s∗Y = X.
Y furthermore satises rΓ∗Y = f .
Appendix B. Groupoids of loally onformal sympleti manifolds
A loally onformal sympleti (l..s.) manifold is a manifold (Q,Ω, ω) where Ω is a
non-degenerate 2-form and ω is a losed 1-form satisfying dΩ = ω∧Ω. Any Jaobi manifold
is foliated by ontat and l..s. leaves (see for example [27℄); in partiular a l..s. manifold
is a Jaobi manifold, and hene, when it is integrable, it has an assoiated s.s.. ontat
groupoid. In this appendix we will onstrut expliitly this groupoid; we make use of it in
Example 4.13.
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Lemma B.1. Let (Q,Ω, ω) a loally onformal sympleti manifold. Consider the pullbak
struture on the universal over (Q˜, Ω˜, ω˜), and write ω˜ = dg˜. Then Q is integrable as a
Jaobi manifold i the sympleti form e−g˜Ω˜ is a multiple of an integer form. In that ase,
hoosing g˜ so that e−g˜Ω˜ is integer, the s.s.. ontat groupoid of (Q,Ω, ω) is the quotient of(
R˜×R R˜, e
s˜
∗ g˜(−σ˜1 + σ˜2),
es˜
∗ g˜
et˜∗ g˜
)
,(24)
a groupoid over Q˜, by a natural π1(Q) ation. Here (R˜, σ˜) is the universal over (with
the pullbak 1-form) of a prequantization (R,σ) of (Q˜, e−g˜Ω˜), and the group R ats by the
diagonal lift of the S1 ation on R.
Proof. Using for example the Lie algebroid integrability riteria of [7℄, one sees that (Q,Ω, ω)
is integrable as a Jaobi manifold i (Q˜, Ω˜, ω˜) is. Lemma 1.5 in Appendix I of [27℄ states
that, given a ontat groupoid, multiplying the ontat form by s
∗u and the multipliative
funtion by
s
∗u
t∗u
gives another ontat groupoid, for any non-vanishing funtion u on the
base. Suh an operation orresponds to twisting the groupoid, viewed just as a Jaobi
manifold, by the funtion s
∗u−1, hene the Jaobi struture indued on the base by the
requirement that the soure be a Jaobi map is the twist of the original one by u−1. So
(Q˜, Ω˜, ω˜) is integrable i the sympleti manifold (Q˜, e−g˜Ω˜) is Jaobi integrable, and by
Setion 7 of [8℄ this happens exatly when the lass of e−g˜Ω˜ is a multiple of an integer one.
Choose g˜ so that this lass is atually integer. A ontat groupoid of (Q˜, e−g˜Ω˜) is learly
(R×S1R, [−σ1+σ2], 1), where the S
1
ation on R×R is diagonal and  [ ] denotes the form
desending from R × R. This groupoid is not s.s..; the s.s.. one is R˜ ×R R˜, where the R
ation on R˜ is the lift of the S1 ation on R. The soure simply onnetedness follows sine
R ats transitively (even though not neessarily freely) on eah ber of the map R˜→ Q˜, and
this in turns holds beause any S1 orbit in R generates π1(R) and beause the fundamental
group of a spae always ats (by lifting loops) transitively on the bers of its universal over.
By the above ited Lemma from [27℄ we onlude that (24) is the s.s.. ontat groupoid
of (Q˜, Ω˜, ω˜). The fundamental group of Q ats on Q˜ respeting its geometri struture,
so it ats on its Lie algebroid T ∗Q˜ × R. Sine the path-spae onstrution of the s.s..
groupoid is anonial (see Subsetion 4.2), π1(Q) ats on the s.s.. groupoid (24) preserving
the groupoid and geometri struture. Hene the quotient is a s.s.. ontat groupoid
over (Q,Ω, ω), and its soure map is a Jaobi map, so it is the s.s.. ontat groupoid of
(Q,Ω, ω). 
Appendix C. On a onstrution of Vorobjev
In Setion 2 we derived the geometri struture on the irle bundles Q from a prequan-
tizable Dira manifold (P,L) and a suitable hoie of onnetion D. In this appendix we
desribe an alternative attempt; even though we an make our onstrution work only if we
start with a sympleti manifold, we believe the onstrution is interesting on its own right.
First we reall Vorobjev's onstrution in Setion 4 of [21℄, whih the author there uses
to study the linearization problem of Poisson manifolds near a sympleti leaf. Consider
a transitive algebroid A over a base P with anhor ρ; the kernel ker ρ is a bundle of Lie
algebras. Choose a splitting γ : TP → A of the anhor. Its urvature Rγ is a 2-form on P
with values in Γ(ker ρ) (given by Rγ(v,w) = [γv, γw]A−γ[v,w]). The splitting γ also indues
a (TP-)ovariant derivative ∇ on ker ρ by ∇vs = [γv, s]A . Now, if P is endowed with a
sympleti form ω, a neighborhood of the zero setion in (ker ρ)∗ inherits a Poisson struture
Λvert + Λhor as follows (Theorem 4.1 in [21℄): denoting by Fs the berwise linear funtion
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on (ker ρ)∗ obtained by ontration with the setion s of ker ρ, the Poisson bivetor has a
vertial omponent determined by Λvert(dFs1 , dFs2) = F[s1,s2]. It also has a omponent Λhor
whih is tangent to the Ehresmann onnetion Hor given by the dual onnetion9 to ∇ on
the bundle (ker ρ)∗; Λhor at e ∈ (ker ρ)
∗
is obtained by restriting the non-degenerate form
ω − 〈Rγ , e〉 to Hore and inverting it. (Here we are identifying Hore and the orresponding
tangent spae to P .)
To apply Vorobjev's onstrution in our setting, let (P, ω) be a prequantizatible sym-
pleti manifold and (K,∇K) its prequantization line bundle with Hermitian onnetion of
urvature 2πiω. By Lemma 2.8 we obtain a at TP ⊕ω R-onnetion D˜(X,f) = ∇X + 2πif
on K. Now we make use of the following well know fat about extensions, whih an be
proven by diret omputation:
Lemma C.1. Let A be a Lie algebroid over M , V a vetor bundle over M , and D˜ a at
A-onnetion on V . Then A ⊕ V beomes a Lie algebroid with the anhor of A as anhor
and braket
[(Y1, S1), (Y2, S2)] = ([Y1, Y2]A, D˜Y1S2 − D˜Y2S1).
Therefore A := TP ⊕ω R ⊕K is a transitive Lie algebroid over P , with isotropy bundle
ker ρ = R ⊕K and braket [(f1, S1), (f2, S2)] = [(0, 2πi(f1S2 − f2S1)] there. Now hoosing
the anonial splitting γ of the anhor TM ⊕ω R ⊕ K → TM we see that its urvature
is Rγ(X1,X2) = (0, ω(X1,X2), 0). The horizontal distribution on the dual of the isotropy
bundle is the produt of the trivial one on R and of the one orresponding to ∇K on K
(upon identiation of K and K∗ by the metri). By the above, there is a Poisson struture
on R ⊕ K, at least near the zero setion: the Poisson bivetor at (t, q) has a horizontal
omponent given by lifting the inverse of (1− t)ω and a vertial omponent whih turns out
to be 2π(iq∂q)∧ ∂t, where iq∂q denotes the vetor eld tangent to the irle bundles in K
obtained by turning by 90◦ the Euler vetor eld q∂q. A sympleti leaf is learly given by
{t < 1}×Q (where Q = {|q| = 1}). On this leaf the sympleti struture is seen to be given
by (1 − t)ω + θ ∧ dt = d((1 − t)θ), where θ is the onnetion 1-form on Q orresponding
to the onnetion ∇K on K (whih by denition satises dθ = π
∗ω). This means that
the leaf is just the sympletiation (R+ × Q, d(rθ)) of (Q, θ) (here r = 1 − t), whih is a
prequantization spae for our sympleti manifold (P, ω). Unfortunately we are not able
to modify Vorobjev's onstrution appropriately when P is a Poisson or Dira manifold.
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